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PREFACE.

HIS book is primarily the outcome of work on the subject while
teaching it to large classes.

The competent critic may recognize signs of a Berlin residence;
but a considerable part, it is believed, is enﬁrely new.

Special mention must be made of the book’s indebtedness to Dr.
J. W. Davrs, a classmate with me at Columbia School of Mines; also
to Prof. G. A. WerTworrH, who has kindly looked over the proofs.
But if the book be found especially accurate, this is due to the pains-
taking care of my friend H. B. F1xE, Fellow of Princeton.

Any corrections or suggestions relating to the work will be thank-

fully received.
GEORGE BRUCE HALSTED.

PriNcETON, NEW JERSEY,
May 12, 1881,
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AN ELEMENTARY

TREATISE ON MENSURATION.

———

INTRODUCTION.

MENSURATION is that branch of mathematics which has
for its object the measurement of geometrical magnitudes.
It has been called, that branch of applied geometry which
gives rules for finding the length of lines, the area of sur-
faces, and the volume of solids, from certain data of lines
and angles.

A Magnitude is anything which can be conceived of as
added to itself, or of which we can form multiples.

The measurement of a magnitude consists in finding how
many times it contains another magnitude of the same kind,
taken as a unit of measure. Measurement, then, is the pro-
cess of ascertaining the ratio which one magnitude bears to
some other chosen as the standard; and tAe measure of a
magnitude is this ratio expressed in numbers. Hence, we
must refer to some concrete standard, some actual object, to
give our measures their absolute meaning.

The concrete standard is arbitrary in point of theory, and
its selection a question of practical convenience.

A discrete aggregate, such as a pile of cannon-balls, or a
number, has a natural unit, — “one of them.”

But in the continuous quantity, space, with which we
chiefly have to deal, the fundamental unit, a length, is
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MENSURATION.

defined by fixing upon a physical object, such as a bar of
platinum, and agreeing to refer to its length as our stan-

dard.

That is, we assume some arbitrary length in terms

of which all space measurements are to be expressed.

The one actually adopted is the Meter, which is the length
of a special bar deposited in the French archives. This we
choose because of the advantages of the metric system, which

-
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applies only a decimal arithmetic, and has a uni-
form and significant  terminology to indicate the
multiples and submultiples of a wunit.

THE METRIC SYSTEM

convenes to designate multiples by the Greek nu-
merals, and submultiples by the corresponding

£ Latin words; as follows:

£

g MULTIPLE. NAME. | DERIVATION. MEANING.

8

% Greek. .

i 10,000 myria- pvpedg, | ten thousand,

2 1,000 kilo- xidoe. a thousand.

© 100 - hecto- rcaTd. a hundred.

u 10 deka- déka. ten.

E Divisions. Latin.

A o deci- decem. ten.

- i centi- centur. a hundred.
100 milli- mille. a thousand.

So a millimeter (™) is one-thousandth of a meter.

Thus we are given a number of subsidiary units.
Tor any particular class of measurements, the most
convenient of these may be chosen.

The kilometer (™) is used as the unit of distance;

and along roads and railways are placed kilometric poles
“or stones.
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The centimeter (°*) is the most common submultiple of
the meter.

A chief advantage of this decimal system of measures is,
that in it reduction involves merely a shifting of the deci-
mal point.

NOTATION AND ABBREVIATIONS

TO BE USED IN THIS BOOK.

Large letters indicate points; thus, 4, B, and C denote
the three angular points of a triangle, or ¢ may denote the
center of a circle, while 4 and B are on the circumference;
then 4B will denote the chord joining 4 to B; and, gen-
erally, 4D means a straight line terminated at A and D.

In the formuls, small letters are used to denote the nu-
merical measures of lines; so that ab, as in common algebra,
denotes the product of two numbers.

The following choice of letters is made for writing a
formula, :

[TABLE FOR REFERENCE.]

a, b, and ¢ are the sides of | j = projection.

any triangle, respectively, op- = chord.
posite the angular points 4, | [ = length.
B, C. m = meter.

If the triangle is right-angled, | n = any number.
a = altitude, b = base, c=hy- | ¢ = perigon.
pothenuse. p = perimeter.

In regard to a circle, ¢=circum- | ¢ = square.
ference, d = diameter, 7 = radius.
e = spherical cxcess. s = 3(a4b+e).
Jf = flat angle. ¢t = tangent. -
g = number of degrees in an an- | » = circular measure.
gle or arc. v = a discrete variable.
¢° means expressed in degrees | w = width.
only, ¢/ minutes, ¢'! seconds. @
h = height. Y } == coordinates of a point.
1 = medial line. z



CHAPTER I
Toe MEASUREMENT OF LINES:
§ (A). —STRAIGHT LINES.

An accessible straight line is practically measured by the
direct application of a standard length suitably divided.

If the straight line contain the standard unit n times,
then 7 is its numerical measure.

But, properly speaking, any description of a length by
counting of standard lengths is imperfect and merely ap-
proximate, Few physical measurements of any kind are
exact to more than six figures, and that degree of accuracy
is very seldom obtainable, even by the most delicate instru-
ments. Thus, in comparing a particular meter with the
standard bar, a difference of a thousandth of a millimeter
can be detected.

In four measurements of a base line at Cape Comorin, it
is sald the greatest error was 0.077 inch in 1.68 mile, or one
part in 1,882,400 ; and this is called an almost incredible
degree of accuracy.

When we only desire rough results, we may readily
shift the place of the line to be measured, so as to avoid
natural obstacles. Still, under the most favorable circum-
stances, all actual measurements of continuous guantity
are only approximately true. But such imperfections,
with the devised methods of correction, have reference to
the physical measurement of things; to the data, then,
which in book-questions we suppose accurately given.



THE MEASUREMENT OF LINES. 5

ILLUSTRATIVE PROBLEMS.

(o) Tb measure o line the ends of which only are acces-
sible.

Suppose AB the line.
Choose a point €' from which
A and B are both visible.
Measure AC, and prolong it
until CD = AC. Measure
BC, and prolong it until C&
=BC. Then ED=AB. <

Ww. 49&106; (Eu. I. 156 &4; Cv. L. 23 & 76).

Note, Ww. refers to Wentworth's Geometry, third edition, 1879.
Fu. refers to Todhunter’s Euclid, new edition, 1879. Cv. refers to
Chauvenet's Geometry. These parallel references are inserted in the
text for the convenience of students having either one of these geom-
etries at hand. References to preceding parts of this Mensuration
will give simply the number of the article.

(B) To find the distance between two objects, one of which
18 tnaccessible.

Let A and B be the two objects, separated by some
obstacle, as a river. -
From A measure any U
straight line AC. Tix
any point D in the
direction A4 B. Pro-
duce 4C to F, making
CF = AC; and pro-
duce DC to £, making
CFE = CD. Then find
the point @ at which the directions of BC and F£ inter-
gect; that is, find the point from which ¢" and B appear in
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one straight line, and % and F appear in another straight
line. Then the triangles ACD and CIF are congruent,
and therefore A BC and CFG ; whence F'G = AB.
Ww. 106 &107; (Eu. L 4& 26; Cv. L 76 & 78).
Hence, we find the length of 4B by measuring FG.

(y) To measure o line when both ends of it are inacces-
- sible. ’

At a point C) in the
accessible part of AR,
erect a perpendicular
CD, and take DFH=CD.
At £ make F(@ perpen-
dicular to DZF. Tind in
F@G the point F which
falls in the line BD,

and the point G in the line 4D. FG=AB. "
' ' o Ww. 107; (Eu. 1. 26; Cv. 1. 78).

(8)  Tb measure o line wholly inaccessible.

If A B is the line, choose a convenient point €' from which
A and B are both visible, and measure 4C and BC by (8);
then 4B may be measured by (a).

§ (B). — STRAIGHT LINES IN TRIANGLES.
) 1. Ri¢ET-ANGLED TRIANGLES.
1, Given the bage and perpendicular, to find the hypoth-

enuse.

Rule: Square the sides, add together, and extract the
square 700t

Formula: o+ 6% =% .
Proof: Ww. 331; (Eu. L. 47; Cv. IV. 25):
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Exam. 1.. The altitude of a right-angled triangle is 3,
the base 4. Find the hypothenuse.

a? =3 =09.
b — 42— 16,
a® + b0 =3%+4>=25 =%
Joe=D5. Answer:

- 2. Given the hypothenuse and one side, to find the other
side.
Ruie: Multiply their swm by their difference, and exiract
the square 700t.
"Formula: —a?=(c +a) (e —a) =%
Exau. 2. The hypothenuse of 7 a right-angled triangle
is 18, the altitude 12, Find the base.

¢c+a=25

oo b=>5. Ans.

Tor exercises on 1 and 2, see table of right-angled triangles.
g g g

II. OBLIQUE TRIANGLES.

When two lines form an angle, the projection of the first
on the second is the line between

the vertex and the foot of a 4
perpendicular let fall from the //
extremity of the first on to the ’ S
second. Thus the projection of L

AC on BC is OD. : B c D

Qiven two sides and the projection of one on the other, to

find the third side :
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3. If the angle coﬁtained by the given sides be obtuse.

Rule: 7b the swm of the squares of the giwen sides
add twice the product of the projection and the side on
which (when prolonged) @t falls; then extract the square
700¢.

Formula: o®+ 0%+ 258 =&
Proof: Ww. 336; (Eu. II. 12; Cv. III. 53).

B Exawm. 8. Given the
{ sides a=25, b =6, con-
taining an obtuse an-
gle, and given j=4,
the projection of @ on

b; find the third side.

a?= 25
= 36
20— 48
¢ =109.

. e=10-44+. Ans.

4, If the angle contained by the given sides is acute.
B

5
%
c b J A >
Rule: From the sum of the squares of the given sides
subtract twice the product of the projection and the side on
which 1t falls; the square root of the remainder gwes the
third side.
Formula: o4 0°—20j=c%
Proof: Ww. 335; (Eu. II. 13; Cv. ITL 52).
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ExaM. 4. Given the sides ¢ =5, =106, containing an
acute angle, and given j=4, the
projection of « oni b; find the third

side. @+ 12— 25 4 36 = 61 ¢
2 =48
L AZ13 j
J
© e~ 860+, Ans.

5. If two sides and the perpendicular let fall on one
from the end of the other, are given, the projection can
be found by 2, and then the third side by 8 or 4.

If three sides arve given, a projection can be found by 3
or 4, and then the perpendicular by 2.

6. Given three sides of a triangle to find its three me-
dials; 4., the distances from the vertices to the midpoints
of the opposite sides.

Rule: From the sum of the squares of any two sides
subtract twice the square of half the base; the square root
of half the remainder is the corresponding medial.

Formula: o4 & — 302 =242

Proof : Ww. 338; (Eu. Appen. 1; Cv. ITI. 62).

Corollary : Dividing the difference of the squares of two
sides by twice the third side, gives the projection on it of

its medial.
2

a*—c
26
Exam. 5. Given two sides, a=717, ¢=19, and the base,
0=4. Find the medial.

Here a? 4+ c¢?=49 + 81 =130

Formula: j=

R - 38
20 —122
- = 6l

cot=T8. Ans.
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III. StrarcuT LINES IN SIMILAR FIGURES.
7. Given two straight lines in one figure, and a line

corresponding to one of them in a similar figure, to find
the line corresponding to the other.

Rule: The lLke sides of
“simalar  figures are  propor-
tional. -

ash
Formula: by=— "
2%
Wi. 278; (Eu. VI, Def. L.;
Cv. TIL. 24).

Exam. 6. The height of
an upright stick is 2 meters,
and it casts a shadow 3
meters long; the shadow of
o flag-staff is 45 meters.
‘Tind the height of the staff.

3:2::45: b,.
90

by = i 30 meters. Ans.

IV. Cuorps oF A CIRCLE.

Suppose 4B any chord in a
circle. Through the center
a diameter perpendicular to 4B
meets it ab its middle point D,
and bisects the arc at 2. DH
is the height of the arc, and
AH the chord of half the are.

8. Given the height of an arc and the chord of half the

are, to find the diameter of the circle.
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Rule: ])ividc‘ the square of the chord of half the arc by
the hetght of the are.

2

.Formula: d= &
h
Proof HAF is a right angle.

Ww. 204; (Eu. III. 31; Cv. II. 59).
s HFE: HA .. HA . ID.
Wiw. 289; (Eu. VL. 8§, Cor.; Cv. I1I. 44).

Exaum. 7. The height of an arc is 2 centimeters, the
chord of half the arc is 6 centimeters. TFind the diameter.

d:ijG:ls. Ans.

9, (iven the chord of an arc and the radius of the
circle, to find the height of the arc.

Rule: From the radius subtract the square root of the
difference of the squares of the radius and half the chord.

Formula: % =r—~V»*— 1k
Proof : HD=HC—DC.
HD=h, HO=¢, and DC?*=AC*—AD*=+*— (3 ABY.
Exaum. 8. The chord of an arc is 240 mﬂlimeters, the
radius 125 millimeters. Find the height of the arc.
DO? =1 — (JER = (r + 3E) (r — 3k) = (125 + 120) (125 — 120).
o DO= VIR =245 X 5 = V1225 = 35,

L h=r—DC =125 — 85 = 90 millimeters
= 9 centimeters. 4mns.
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10. Given the chord and height of an arc, to find the
chord of half the arc.

Rule: Tuke the square root of the sum of the squares of
the height and half the chord.

Formula: /y=~VA*+ 1A%
Proof : AH*= HD*4 ADA
Ww. 331; (Eu. I. 47; Cv. IV. 25).

Exaw. 9. Given the chord = 48, the height == 10. Find
the chord of half the arc.

72 =100. (kP = (24 =576,

o RE=076. . =26. Ans.’

1
2 2

Tf, instead of the hetght, the radius is given, substitute in
10 for /4 its value in terms of # and % from 9, and we have

Fi=V 0 — VI IR+ 1 = V2 2V T TR

From this follows :

11, Given the chord of an arc and the radius of the
circle, to find the chord of half the arc.

Formula: 1i= Wﬁ — 2

Exaum. 10. Calculate the length of the side of a regular
dodecagon inscribed in a circle whose radius is 1 meter;
that 1s, find %y when 7 and % are each 1 meter long, for £ is
here the side of a regular inscribed hexagon, which always

equals the radius.
Ww. 391; (Eu. IV. 15, Cor.; Cv. V. 14).



THE MEASUREMENT OF LINES. 13

Thus » and % being unity, our formula becomes

ky=V2—-Vv4—-1=051763809. Ans.

1
2

Exanm. 11. With unit radiuvs, find the length of one side
of a regular inscribed polygon of 24 sides.

Ji =V2 V4 (51763800) = 0-26105238.

And so on with regular polygons of 48, 96, 192, etc., sides.

12. Given the radius of a circle and the side of a regular
inscribed polygon, to find the

side of the similar circumseribed i
polygon.
Formula: ¢ :2—]“
A2 R .

Proof: Suppose A3 the given
gside £ Draw the tangent at
the middle point 7 of the arc % B
AB, and produce it both ways
to the points & and @, where it
meets the radii C4 and OB produced; E@G is the side
required, .

In the similar triangles CEH, CAD,

CH:CD:: EH:AD::t: k.
. kr
et
CD
But CD* = CA? — AD*= 1%~ (3k)%

D =N R= VTR

Exaum. 12. When »=1, find one side of a regular cir-
cumscribed dodecagon.
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2%

With radius taken as unity, { =—2""—,
Vi — ]2
From Exam. 10, %2=0-51763809, and substituting this
value, o= 0-5358983. Ans.

In the same way, by substituting == 0-26105238 from
Ixam. 11, we find #,==0-263305, and from £, = 0-13080626
we get tg = 0-131087, and so on for 96, 192, 384, etc., sides.

2 (C). METHOD OF LIMITS.

V. A variable is a quantity which may bhave succes-
sively an indefinite number of different values.

DErINITION OF A LIMIT.

When a quantity can be made to vary in such a manner
that it approaches as near as we please and continually near-
er to a definite constant quantity, but cannot be conceived to
reach the constant by any continuation of the process, then
the constant is called the &mwut of the variable quentity.

Thus the limit of a variable is the constant quantity
which it indefinitely approaches, but never reaches, thongh
the difference between the variable and its limit may be-
come and remain less than any assignable magnitude.

Exam. 13. The limit of the sum of the series,

14343 +3+ &+ + ¢ +ete, 182

Exam. 14. The variable may be likened to a convenient
ferry-boat, which will bear us just as close as we choose to
the dock,— the constant limit, — but which cannot actu-
ally reach or fouch it; for, if they touch, both explode into
the unknown infinite.

The bridge, the method for passing, in the order of our
knowledge, from variables to their limits, 1s the
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13. PRINCIPLE OF LIMITS.

I, while tending toward their respective limats, two vari-
able quantities are always in the same ratio to each other,
their limats will bé to one another in the same ratio as the
variables®

A b ¢ B b B o 0 or

Let the lines AB and AC represent the limits of any
two variable magnitudes which are always in the same ratio
to one another, and let 40, Ac represent two corresponding
values of the variables themselves; then 4b: dc:: AB: AC.

If not, then Ab: Ac:: AB:some line greater or less than
AC. Suppose, in the first place, that 46: Ac:: AB: A
AC" bemg less than AC. By hypothesis, the variable d¢
continually approaches AC, and may be made to differ
from it by less than any-given quantity. Let 45 and Ae,
then, continue to increase, always remaining in the same
ratio to one another, till Ae differs from 4C by less than
the quantity ¢"C; or, in other words, till the point ¢ passes
the point €] and reaches some point, as ¢, between ¢” and C,
and b reaches the corresponding point 4! Then, since the
ratio of the two variables is always the same, we have

Ab: Ac:: Ab': Ac!

By hypothesis, o
Ab: Ac:: AB ACY;
hence,

Ab': Al AB: AC)
or,
ACT < Abl = A¢!' X AB;

which is impossible, since each factor of the first member is
less than the corresponding factor of the second member.

# This principle, and the following demonstration of it, are contained
essentially in Eu. XII. 2, though quoted here from Bledsoe.
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Hence the supposition that 46 : Ac:: AB: AC/ or to any
quantity less than AC; is absurd.

Suppose, then, in the second place, that 4b: Ac:: AB: AC)
or to some term greater than 4AC. Now, there is some line,
as AB, less than AB, which is to 4C as AB is to AC”
If, then, we conceive this ratio to be substituted for that

of AB to AC we have .
Ab: Ae:: AR AC,

which, by a process of reasoning similar to the above, may
be shown to be absurd. Hence, if the fourth term of the
proportion can be neither greater nor less than AC) it must
be equal to AC'; or we must have

Ab: Ac:: AB: AC. Q.E.D.

*Cor.: If two variables are always equal, their limits are
equal.

14, When their sides tend indefinitely toward zero, the
pervmeter of the polygon inscribed increases, circumscribed
decreases, toward the same limat, the length of the curve.

Proof : Inscribe in a circle any convenient polygon, say,
the regular hexagon.. Ww. 391; (Eu. IV. 15; Cv. V. 14).

Join the extremities of each side, as 4B, to the point of
the curve equally distant from them, as Z7; that is, the
point of intersection of the arc and a perpendicular at the
middle point of the chord. Thus we get sides of a regular
dodecagon. Repeat the process with the sides of the dodec-
agon, and we have a regular polygon of twenty-four sides.
So continuing, the number of sides,-always doubling, will
increase indefinitely, while the length of a side will tend
toward zero.
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The length of the inseribed perimeter augments with the
number of sides, since we continually replace a side by two
which form with it a triangle, and so are together greater.

Ww. 96; (Eu. I. 20; Cv. 5).
el

D

Thus AB of the hexagon is replaced by A/ and 7B in
the dodecagon.

But this increasing perimeter can never hecome as long
as the circumference, since it is always made up of chords
each of which is shorter than the corresponding are, by
the axiom, “A straight line is the shortest distance be-
tween two points.”” Therefore, this perimeter increases
toward a limit which cannot be longer than the circum-
ference. :

In doubling the number of sides of a circumscribed poly-
gon, by drawing tangents at the middle points of the arcs,
we continually substitute a straight for a broken line; as,

TU for TN+ NU. So this perimeter decreases.
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But two tangents from an external point cannot be to-
gether shorter than the included arec.

Eyg., HT+ TB > arc IIB.

Therefore this perimeter decreases toward a limit which
cannot be shorter than the circumference.

Ve

But the limit toward which the circumsecribed perime-
ter decreases is identical with that toward which the corre-
sponding inscribed perimeter increases.

For, in a regular circumscribed polygon of any number
of sides, n, the perimeter is » times one of the sides.

Pp=nly.
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But, from 12,

¢ :_-%f?n_
VAR k2

a 2nrky,
L —
Vit k2

But p}, the perimeter of the corresponding inscribed

polygon, is nk,.
P _ 27

the ratio of the perimeters.
Cutting the circumference into 7 equal parts makes cach
part as small as we please by taking n sufficiently great.
But chords are shorter than their arcs; therefore £,
tends toward the limit zero as 7 increases.

Thus the limit of ——2 is - 27 —1. The vari-
Nvemys B

27
P NAry—7!
18, Cor., their limits are equal, and limit of ﬁ:’. = 1.
s lim, p, = lim. pj,. Pn

ables 2% and are always equal. Therefore, by

But we have shown that lim. p/, cannot be longer than ¢,
and lim. p, cannot be shorter than ¢. Therefore, the com-
mon limit is ¢, the length of the curve.

§ (D). THE RECTIFICATION OF THE CIRCLE.

16, In a circle whose radius s wnity, to find the length
of the semicircumference.

From 14, an approximate value of the semicircumference
in this circle is given by the semiperimeter of every poly-
gon inscribed or circumseribed, the latter being in excess,
and the former in defect of the true value. '

Tn examples 10, 11, and 12, we have already calculated
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the length of a side in the regular inscribed and circum-
scribed polygons of 12, 24, and 48 sides. Continuing the
same process, and in each case multiplying the length of
one side by half the number of sides, we get the following
table of semiperimeters:

n. Snkg. Lnt,.
6 3000 34641016
12 3-1058285 3-2153903
24 3.1326286 31596599
48 3-1393502 3-14608G2
96 3-1410319 3:-1427146
192 5-1414524 3-1418730
384 3-1415576 3-1416627
768 3-1415838 3-1416101
1536 3-1415904 3-1415970
3072 3-1415921 31415937
6144 3-1415925 3:1415929
12288 3-1415926 31415927

ete. ete. ete.

Since the semicircumference, ¥¢, is always longer than
ink, and shorter than % nt,, therefore its value, correct to
seven places of decimals, is 3-1415926.

16. The circumferences of any two circles are to each
other in the same ratio as their radup.

Proof : The perimeters of any two regular polygons of
the same number of sides have the same ratio as the radii
of their circumscribed circles.

Ww. 874; (Eu. XII. 1, V. 12; Cv. V. 10).

The inscribed regular polygons remaining similar to
each other when the number of sides is doubled, their
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perimeters continue to have the same ratio. Hence, by 183,
the limits, the circumferences, have the same ratio as their
radii.

Cor. 1. Circumferences are to each other as their diame-
ters.

Cor. 2. Since

S cicliirer’i 2r: 277,
e 3
2r 2" 7

That is, the ratio of any circumference to its diameter is
a constant quantity.

This constant, identical with the ratio of any semicir-
cumference to its radius, is denoted by the Greek letter a.

But, in circle with radius 1, semicircumference we
have found 8:1415926+. Therefore, the constant ratio
7w = 81415926+,

VI. Lings 1v ANY CIRCLE.

17. w=C =50 314159964
r

£
d
Multiplying both sides of this equation by d, gives

18. ¢=dr=2rr,

.. The diameter of a circle being given, to find the cir-
cumference.

Rule: Multiply the diameter by .

NorEe. In practice, for w the approximation 3} or 22 is generally
found sufficiently close. A much more accurate value is 335 ; easily
remembered by observing that the denominator and numerator
written consecutively, thus, 11313 55, present the first three odd

numbers each written twice. The value most used is 7= 3-1416.
19. Dividing 18 by = gives

d=2r=—=c¢ X%=c><0~3183098+.

c
T



CHAPTER II
Tue MEASUREMENT OF ANGLES.

§ (B). THE NATURAL UNIT OF ANGLE.

To say “all right angles are equal,” assumes that the
amount of turning necessary to take a straight line or di-
rection all around into its first position is the same for all
points.

Thus the natural wnit of reference for angular magni-
tude is one whole revolution,
called a perigon, and equal to four
right angles.

A VII. A revolving radius de-

scribes equally an angle, a sur-
face, and a curve. Moreover, the
perigon, circle, and circumference
are each built up of congruent
parts; and any pair of angles or
sectors have the same ratio as the corresponding arcs.

Ww. 201; (Bu. VI. 33; Cv. IL. 51).
Therefore. *10Y angle  its intercepted arc
' perigon  circumference

That is, if we adopt the whole circumference as the unit
of arc;

20, The numerical measure of an angle at the center of a
circle s the same as the numerical measure of its intercepted
are.
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And this remains true, if, to avoid fractions, we adopt,
as practical units of angle and arc, some convenient part
of these natural units. The Egyptian astronomers divided
the whole circle into 860 equal parts, called degrees; each
of these degrees was divided into 60 parts, called minutes;
these again into 60 parts, called seconds. These numbers
have very convenient factors, being divisible by 1, 2, 8, 4,
5, 6, ete.

Exam. 15. )
A perigon = 359° 60/ of angle.
A circumference = 359° 59/ 60! of arc.

VIII. Hence we say, An angle at the center is measured
by s intercepted arc; meaning, An angle at the center s
such part of @ perigon as its intercepted arc is of the whole
cireumference.

§ (F). CIRCULAR MEASURE OF AN ANGLE.
Half o perigon is o flut angle; hence, halving the de-

nominators in VII,, and using 2 to mean angle, gives

any X _ its intercepted arc
flat X semicircumference’

But, from 18, in every circle, $¢=rr.
Therefore, dividing denominators by =, gives

any X length of its arc
1 T
=, flat
o ¥ .

If, ﬁow, we adopt as unit angle that part of a perigon

denoted by {E}E; that is, the 2 subtended at the center

T
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of every circle by an arc equal in length to its radius, and
hence named a radian, then, by 20,

21. The number which expresses any angle in radians
also expresses its intercepted arc in terms of the radius.

So, in terms of whatever arbitrary unit of length the arc
and radius may be expressed, if » denote the number of
radians in an angle, then, for every X,

14

U=~
r

Thus the same angle will be denoted by the same num-
ber, whatever be the unit of length employed.

w, or the fraction arc dwided by radius, is called the
circular measure of an .

Exan. 16. Tind the circular measure of f.

Here, the arc being a semicircumference, its length {= 7.

v
u=—=n. Ans.

) 7
This is obviously correct, since dividing a flat X by =
first gave us our radian.

22. Given the number of degrees in an angle, to find
the length of the arc intercepted by it from a given cir-
cumference.

Rule: Multiply the length of the circumference by the
number of degrees in the angle, and diwvide the product by
360.

1 T

Formula: ! 3607
Proof : From VII. we have 360°: ¢°::¢: 0
Nore. If the X be given in minutes, the formula becomes {=

0{]"
1296000

cg’
21600""
If in seconds, I =
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Exam. 17. How blong 18 the arc of one degree in a cir-
cumference of 25,000 miles ?

2500
:-—:6 A4+ .
36 9-4+. Ans

23. Given the length of an arc of a given circumference,
to find the number of degrees it subtends at the center.

Rule: Multiply the length of the arc by 860, and diwide
the product by the length of the circumference.

Formula: ¢°= 1360

Nore. To find the number of minutes or seconds:

1216007 ;112960007
PR and ¢ =

Formulae: g'=

Exawm. 18. Find the number of degrees subtended in
any circle by an arc equal to the radius.
1860° 7360°  180°
c rmw o ™
=57-2957795°+. Ans.
Hence a radian = p == 57°17'44.8"+ = 206264-8"+.

Here ¢°= becomes

IX. The arcs used throughout as corresponding to the
angles are those intercepted from circles whose center is
the angular vertex.

These arcs are sald to measure the angles at the center
which include them, because these arcs contain their ra-
dins as often as the including angle contains the radian.

Using measured in this sense, weé may state the following
Theorems :

24, An angle at the center is measured by the arc inter-

cepted between its sides. Ww. 202; (Cv. 1L 52).
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26. An inscribed angle is measured -by.half its inter-

cepted. arc. W, 203; (Eu. IIL. 20; Cv. IL. 57).

26. An angle formed by a tangent and a chord is meas-
ured by half the intercepted arc.

Wiw. 209; (Eu. IIL. 32; Cv. II. 62).

27. An angle formed by two chords, intersecting within
a circle, is measured by half the sum of the arcs vertically

intercepted. Ww. 208; (Eu. Appen. 2; Cv. II. 64).

28. If two secants, two tangents, or a tangent and a se-
cant intersect without the circle, the angle formed is meas-
ured by half the difference of the intercepted arcs.

Ww. 210; (Eu. Appen. 3; Cv. II. 65).

29. (iven the measure of an angle in degrees, to find its
circular measure.

Rule: Multiply the number of degrees by m, and divide
by 180.
71,:(70 . ﬂ_g' . ,n,g”
180°  10800" " 648000

Proof - A flat X is 1807 and its circular measure is .
Hence,

Formula: =

gO
1800

]

ERSS

since each fraction exprésses the ratio of any given X to a
flat 2. Therefore,

=T
“= 1800
and also
P %1809

iy
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This recalls to mind again that the circular measure of
any X 1s independent of the length of the radius of the cirele.

Exam. 19. Find the circular measure of 2% of one
degree.

Here u= %6 =.0174532925+. Ans.

Exam. 20. Find the circular measure of X of one
minute.
Dividing the last answer by 60 gives

-000290888208+. Amns.

Of course, this number equally expresses the length of
an arc of one minute in parts of the radius, and in the
same way we obtain

Arc 1" = r X 0-00000484813681+.

30. Given the circular measure of an angle, to find its
measure in degrees.

Rule: Multiply the circular measure by 180, and divide
by =.

Formula: ¢°= w180 .

s

Exam. 21. Find the number of degrees in X whose cir-
cular measure is 10. 180

Here ¢°=10 X — =10 x 57-2957795+
T = BT2957795+. Ans.

31. Given the angle in degrees and the length of the
arc which subtends it, to find the radius.

Rule: Divide 180 times the length by = tvmes the nwmber
of degrees.

Formula: »= Z—l@—.

o}

g
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Proof: I L
180° & rw
Exam. 22. An arc of 6 meters subtends X of 107 find
radius.
Here == 17—81_9 X 1%: 0-6 X 57-2957795+

= 34.3775 meters. Ans.

X. One X is called the complement of another, when
their sum equals a rt. X; the supplement, when their sum
= f; the explement, when their sum == 4.

REFERENCE TABLE OF ABBREVIATIONS FOR AREAS.

‘When used alone, as abbreviations, capital letters denote
the area of the figures; to denote volume, a V" is prefixed.

A = annulus.

B =Dbase.

C = cylinder.
O = circle.

D = volume of prismatoid.
E = ellipse.

F = frustum.

@G = segment.

H = sphere.

I = volume of an irregular poly-

hedron.

J = parabola.

K = cone.

L =lune.

M = midsection.

IV =polygon of n sides.
O =solid ring.

P = prism.
[J=parallelogram.

Q = quadrilateral.

¢ = square.

R = rectangle.

8 = sector.

T = trapezoid.

A = triangle.
U = volume of quader.
V = volume.

W= volume of wedge.
X = volume of tetrahedron.

Y = pyramid.
7 = zone.
V="

S0 = T+ Ty o+ Ty oot T

¢ = sum of angles.

D = spherical A.

- spherical V.

Y = volume of spherical 7,

Q = steregon.

= means equivalent; i.c., equal
in size.

Il = parallel.

1 = perpendicular.

~ = similar.

. = therefore.

X = angle.
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THE MEASUREMENT OF PLANE AREAS.
§ (@¢). PLANE RECTILINEAR FIGURES.

XI. The area of a surface is its numerical measure.

Measuring the area of a surface, whether plane or
curved, is determining its ratio to a chosen surface called
the -unit of area.

The chosen unit of area is a square whose side is a unit

of Iength.

Exan. 23. If the unit of length be a meter, the

unit of area will be called a square meter (™). ‘l
If the unit of length be a centimeter, the unit

of area will be a square centimeter (™). Contimater

32. To find the arca of a rectangle.
Rule: Multiply the base by the altitude.
Formula: R = ab.

Proof : SpeciAL Case. When the base and altitude, or
length and breadth of the rectangle are commensurable.

In this case there is always a line which will divide both
base and altitude exactly.

If this line be assumed as linear unit, @ and b are inte-
gral numbers.
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In the rectangle A BCD divide 4D into @, and 4B into
b equal parts. Through the points of division draw lines
parallel to the sides of the rec-
tangle. These lines divide the
rectangle into a number of
squares, each of which is a unit
of area. In the bottom row
there are & such squares; and,
since there are « rows, we have
b squares repeated o times,
which gives, in all, ad squares.

D C

A

Nore. The composition of ratios includes numerical multiplica-
tion as a particular case. Ordinary multiplication is a growth from
addition. The multiplier indicates the number of additions or repe-
titions. The multiplicand indicates the thing added or repeated.
Therefore, it 13 not a mutual operation, and the product is always
in terms of the unit of the multiplicand. The multiplicand may be
any aggregate; the multiplier is an aggregate of repetitions. To
repeat a thing does not change it in kind, so the result is an aggre-
gate of the same sort exactly as the multiplicand. When the rule
says, Multiply the base by the altitude, it means, Multiply the nu-
merical measure of the base by the number measuring the altitude m
terms of the same linear unit. The product is ¢ number which we
have shown to be the area of the rectangle; that is, its numerical
measure in terms of the superficial unit.

This is the meaning to be assigned whenever we speak of the
product of one line by another.

GENERAL PRroOF.

‘Rectangles, being equiangular parallelograms, have to
one another the ratio which is compounded of the ratios

of their sides. Ww. 315; (Bu. VL 23; Cv. IV. 5).
Let R and R' represent the surfaces or areas of two rec-

tangles. Let ¢ and o' represent their altitudes; 4 and &'
their bases. '
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Thus, R _a_b_ ab
VAR AT
. ab
s R= R’d/b).

For the measurement of surfaces, this equation s funda-
mental. To apply it in practice, we have only to select as
a standard some particular unit of area.

a R a’ R’

g

b

The equation itself points out as best the unit we have
already indicated. If we suppose o' and &' to be, each of
them, a unit of length, R' becomes this superficial unit,
and the equation becomes

R = abd.

This shows that the number of units of area in any rec-
tangle is that number which is the product of the ‘numbers
of units of length in two adjacent sides.

This proof includes every case which can occur, whether
the sides of the rectangle be commensurable or incommen-
surable with the unit of length; that is, whether ¢ and &
are Integral, fractional, or irrational.

Exam. 24. Tind the area of a ribbon 1 meter long and
1 centimeter wide.

1 meter is 100 centimeters.

.. 100 square centimeters. Ans.



32 MENSURATION.

33. To find the area of a square.

Rule: Take the second power of the number denoting the
length of 1ts side.

Formula: ¢=~56%

Proof : A square is a rectangle having its length and
breadth equal.

Nore. This is the reason why the product of a number into itself
is called the square of that number.

Cor. Given the area of a square, to find the length of a
side.

Rule: Fuiract the square root of the mumber denoting the
area.

Exam. 25. 1 square dekameter, usually called an
Ar (*), contains 100 square meters. Every
unit of surface is equivalent to 100 of the
next lower denomination, because every
unit of length is 10 of the mnext lower
1 order. Thus a square hektometer is a
3 hektar (™).

Exaum. 26. How many square centimeters in 10 square
millimeters ?

100 square millimeters is 1 square centimeter.
.. 10 square millimeters is ¢ of 1 square centimeter. Ans.
Or, 10 square millimeters make a rectangle 1 centimeter

long and 1 millimeter wide.

Exanm. 27. How many square centimeters in 10 milli-
meters square ? '
e One. Ans.
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ReEMARK. Distinguish carefully between square meters
and meters square.

We say 10 square kilometers (*™), meaning a surface
which would contain 10 others, each a square kilometer;
while the expression 5 kilometers square means a square
whose sides are each 5 kilometers long, so that the figure
contains 25 square kilometers.

Exam. 28. The area of a square is 1000 square meters.
Find its side. /1000 = 31-623 meters. Ans.

34, To find the area of any parallelogram.
Rule: Multiply the base by the altitude.
Formula: [J=ab.

Proof : Any parallelogram is equivalent to a rectangle
of the same base and altitude.
Ww. 321; (Eu. 1. 35; Cv. IV. 10).

Cor. The area of a parallelogram, divided by the base,
gives the altitude; and the area, divided by the altitude,
gives the base.

Exam. 29. Find the area of a parallelogram whose base
is 1 kilometer, and g,ltitude 1 centimeter.

b = 1000 meters. @ = 1§ meter.
. ab =10 square meters. Ans.

35, Given one side and the perpendicular upon it from
the opposite vertex, to find the area of a triangle.

Rule: Zuke half the product of the base into the altitude.

Formula: A = %ab.
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Proof : A triangle is equivalent to half a parallelogram
having the same base and altitude.
Ww. 324; (Eu. I. 41; Cv. IV. 13).

Cor. 1. If twice the number expressing the area of a tri-
angle be divided by the number expressing the base, the
quotient is the altitude ; and vice versa.

Cor. 2. Two A’s or [T’s, having an equal X, are as the
products of the sides containing it.

Exaum. 80. One side of a triangle is 3574 meters, and
the perpendicular on it is 6:3 meters. Find the area.

1b = 17-87 meters.

. $ab=113-581 square meters. Ans.

J b
36. Given the three sides of a triangle, to find the area.
Rule: From half the sum of the three sides subtract each
side separately; mulliply the half sum and the three re-

mainders together : the square root of the product will be the
area.

Formula: A =~/s(s—a)(s—b) (s—c).

Proof :
By 4, a? = 0% + ¢ — 210y,
whence L Pl —a

a 26
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(B + ¢ —a?)?,
4p® '
whence, 40 =4 0% — (O® + ¢ — a?).
2= VIFE (L E = &P
o 20h = V(2be + B2+ P —a?) (2be — PP~ + ).
2 =V(a+b+e) b +ec—a)y@a+d—c)(a—b+ec).

By2, h2=02~j2=02—

But, by 85, 254 equals four times the area of the triangle.

Cor. To find the area of an equilateral triangle, multiply
the square of a side by 0-433+.

Exanm. 81. Find the area of an isosceles triangle whose
base is 60 meters and each of the equal sides 50 meters.
Here, from last formula in Proof,

2bh=0V(2a + ) (2a — b) = 60 V160 X 40 = 60 V1600 x 4.
. 2bh =60 x40 x 2.

. Area = 1200 square meters. Ans.

7

37. To find the radius of the circle inscribed in a tri-
angle.

Rule: Divide the area of the triangle by half the sum
of its sudes.

Formula: 7= ?
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Proof .
By 35, area of BOC :%C,

area of COA = Z—)zz,

area of AOB = c‘)_r

.. by addition, A = (ﬁ—'_—gﬁ . 7=

Cor. The area of any circumscribed polygon is half the
product of its perimeter by the radius of the inscribed
circle.

Exam. 32. Find radius of circle inscribed in the tri-
angle whose sides are 7, 15, 20.
Here
s=21, . A=V2lx14x6=vV3.7.7.2.2.3.
A =3XTxX2=42

38, To find the radius of the circle circumscribing a
triangle.

Rule: Diwvide the product of the three sides by four times
the area of the triangle.

: be

Formula: 9t — 22

ormula: 9% N
Progf: In any triangle the rectangle of two sides is
equivalent to the rectangle of the diameter of the circum-

seribed cirvcle by the perpendicular to the base from the
vertex. Ww. 300; (Eu. VL. C.; Cy. IIL 65).

.oac = 29?714.
L= Ol abe

24 bk
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Cor. The side of an equilateral A, b =9t V38 =273,

Exawm. 83. Find radius of circle circumscribing triangle
7, 15, 20.
Here abe = 2100, A =42
2100

CR=" =124 .
R 163 123. Ans

89, To find the radius of an escribed circle.

Rule: Dwide the area of the triangle by the difference
between half the sum of s sides and the tangent side.

Proof : Let r denote the radius of the escribed circle
which touches the side . The quadrilateral O, BAC may
be divided into the two triangles, 0,4 B and 0,4 C;

. by 35,

its area,=§r1 +‘ér.

2

But the same quadrilateral is composed of the triangles
O,BC and ABC,

. its area = grl + A,
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Thus,
[4 b :
27‘1+§71~¢71+A
C*ﬂ)—_aTl:A,
2
. A
R
In the same way,
b A
250 ST s ¢

Cor. 1. Since, by 87, # :%, therefore,

Ad
R ENYNY by 36.
s(s—a)(s—b)(s—¢)
Thus,
A= Vrrpr,.
Cor. 2.
1 1 1 1
T4 I=2C
7‘1 7‘2 7‘3 r
Exam. 84. Find 7y, 75, 75, when ¢ =17, b =15, ¢=20
42 42 42
’)1:1—4 3, ’)2—:—6\:7, ’)’3:*1“:42 Ans

XII. A trapezoid is a quadrilateral with two sides
parallel.

Cor. A triangle is a trapezoid one of whose parallel sides
has become a point.

40. To find the area of a trapezoid.

Rule: Multiply the suonf the parallel sides by half

their distance aport.

Formula: 7= mﬂ%yﬁ
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Proof: Let F be the midpoint of the side 4.B. Through
B and F draw BIH and GF vparallel to CD. Then
AAEG=A BEF Ww. 107; (Euw. I. 26; Cv. I. 78).

. Trapezoid ABCD = [J GFCD. 4 \ AT

That is, by 34, 7'= G'D X x; where z is /,E”"
the distance of BC from AD. But |-~ Nz
DH = BC, and HG = AG. e

. GD = A;D‘él;B’q b2 /”/

Ys Y

and calling 4D, vy, and BC, v, we have

GD - ER=Y%1Ys
2 fod
. T:Lgyzxm //

Cor. The area of a trapezoid equals
the distance apart of the parallel sides multiplied by the
line joining the midpoints of the non-parallel sides.

BExam. 85. Find the area of a trapezoid whose Il sides
or bases are 12:834 meters apart, and 56-78 meters and 90-

meters long.
& 56-78 4 90- = 146-78

1234+~ 2 = 617
102746
14678
88068
905-6326 square meters. Ans.

XIII. CoORDINATES OF A POINT.

The ordinate of a point is the perpendicular from it to a
fixed base line or azis.

The corresponding abscissa is the distance from the foot
of this ordinate to a fixed point on the axis called the origin.
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The covrdinates of any point are its abscissa z and its
ordinate 1.

XIV. If to any convenient axis ordinates be dropped
from the angular points of any polygon, the polygon is
exhibited as an algebraic sum of trapezoids, each having
one side perpendicular to the two parallel sides, and hence
called right trapezoids.

If triangles occur, as 1.D2, 6 £5, they are considered
trapezoids, 7; and %5 being zero.

2
1
I
'
1
I
]
|
1
1
I
i

=] P ——

H
1
i
i
i
i
1
H
i
i

41, To find the sum of any series of right trapezoids.

Rule: Multiply the distance of TACH infermediale ordi-
nate from the first by the difference between its two adjacent
ordinates, always sublracting the one following from the one
preceding in order along the broken line. Also multiply
distance of last ordinate from first by the sum of last two
ordinates. Halve the sum of these products.

Formula : ‘E‘,"]Z,: 3 [(xg—21) (yi—ys) + (2a—1) (Ya—ys) F-oone
v=t +(xn_~x1> (.7/%—1 —“:'/n+1>+(xn+1‘xl> (yn+?/n+l>] .

Proof : With O as origin, the area of the first trapezoid,
by 40, is (2, —21) MT%’ and of the second is (23— 2) /2 ”5 s,
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Adding the two, we have
T; + Tz =% [(932 - x1) (y1 + .7/2) + (xs - xz) (?/2 + 3/3)]‘

Performing the indicated multiplications, 2y, is cancelled
by — gy, and

Tl + Tz = %[%?/1 — By T Yy T Yy XYy — wz@’a]'
. Tl + Tz =3 [(7“2 - T1) (?/1 - .7/3) + (5(73 - 931) (yz + .7/3)]’

since here a‘clg/g is balanced by — s
Thus we have proved our rule for a pair of trapezoids.
Taking three, we get, by 40,

= (‘%4 - 'Ta) Q:’»:‘lz’i/‘i.
. TH' T2+ T3= % [(1’2_ x1) (.%“ ?/3) + (xsh ﬂ"1) (3/2'*’ ?/3)]"’ % [(m[“ ma) (y3+ ."/4)]‘

As before, replacing the balancing terms zgys— s by
2y — 21y, this becomes

T+ T+ Ty= 5 [(z,— 2 )y, — o) + (25— ) (Yo —Ya) + (B— ) (Y + ¥)]-

-t

This proves the rule for three
trapezoids; and a genebra,lization
of this process proves that if the
rule 1s true of a series of » trape-
zoids, it is true of n-1.

For, by 40, the area of the
(n-1th trapezoid 0 @

Lo

=

&

[ ——. )

- - ez --
8

Tot1 = (Tp2 — Tag1) Yn+1 J2r 'I/nT. .
and, adding this to the first n trapezoids, as given by
formula, therefore
r=n+1
2 To= (@ — ) (7 — ) +
+ (@n 41— %) Wa + Yur1)] + E(@nre ~ Tns1) @ns1 + Yato)].
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Replacing @191 — Tnpa¥un by the balancing terms
Z1Yni2 — T1Ynre, this becomes

v=n+1
vngTl: %[(xz - 1;1) (?/1 - ya) e
= + (@1~ 1)) (Yn — Yni2) + (@ora — 1) Yns1 + Ynsa)].

The same method proves that if the formula applies to n
trapezoids, it must apply to n—1. Therefore, the rule is
true for any and every series whatsoever of right trape-
zoids.

Exam. 36. Find the right portion of a railroad cross-
section whose surface line
breaks twice, at the points

4 (29 ¥2), (23, ¥5), to the right

of center line; (origin being

on grade in midpoint of road-
bed).

This asks us to find the
sum of right trapezoids cor-
responding to the five points (0, ¢), (23, %), (3, ¥s), (b 473 7),
(5, 0).

.. by formula,

SEmmssse-a W

@
=

SR S Y

S
@
?~

O

gl T, ==%[2y(c—ys) + 23 (yy— ) -+ (b + 1) yg -+ br]. Ams.

In the same way, the portion to the left of center line,
whether without breaks, or with any number of breaks,
18 given by our formula, which thus enables us at once to
calculate all railroad cross-sections, whether regulaf or
irregular.

Exawm. 87. To find the area of a triangle in terms of the
covrdinates of its angular points.
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Here are three trapezoids, and consequently, four points;
but A is both 1 and 4, so

and the formula becomes
v=38
A :wglﬂ Z%[(xz - w1) (?/1 - :‘/3) + (ms - m1) (?/2 - yl)]

S A== Fays — a2y — Xgys -+ 2 — arys). Ams.

Notice the symmetry of this answer.

<
@

0

For practical computation thisis written

248 = 1(y3 - ?/z) + x2(yl - 3’3) + 313(?/2 - ?/1))
or 2A:y1(mzﬁya)+y2(x3_m1)+?/3(“'1~m2)‘

To insure accuracy, reckon the area by each.

42, To find the area of any polygon.

Rule: Thke half the sum of the products of the abscissa
of each wertex by the difference between the ordinates of the
two adjacent wvertices; always making the sublraction in
the same direction around the polygon.

Formula for a polygon of 7 sides:
N= %[xl(yn - yz) + 1132( 1 "‘ys) + ms(?/z’ y«i) o + xn(?/n—l - ?/1)]
Proof : This is only that special case of 41, where the

broken line, being the perimeter of a polygon, ends where
it began.
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the origin O. Then the area enclosed by the perimeter is
the same, whether we consider it as starting and stopping
at 1 or at O. DBut, under the latter supposition, though we

4

0
1
:
: H
H T
1 I
W !
H 1
H
' i
:

0,
Zolfo Ty

have n -8 points, the codrdinates (zy, 7,) of the first and
last are zero, and the second (2, %) is identical with the
point next to last; so that formula 41 becomes

%[fc»l (0 - yz) + xz(yl - y3) + xs(yz" ?/4)"“ """ + &, (?/n—l’ 1/1) + ml(?/n* 0)]

Note. No mention need be made of minus trapezoids, since the
rule automatically gives to those formed by the broken line while
going forward, the opposite sign to those formed while going back-
ward.

Our expression for the area of any rectilinear figure is
the difference between a set of positive and an equal num-
ber of negative terms. If this expression is negative when
the angular points are taken in the order followed by the
hands of a watch, then it is necessarily positive when they
are taken in the contrary sense, for this changes the order
in every pair of ordinates in the formula.

Observe that each term is of the form 2y, and that there
is a pair of these terms, with the minus sign between them,
for each vertex of the figure. Thus, for the vertex (2.4.),



THE MEASUREMENT OF PLANE AREAS. 45

we have the pair 2,(¥pu-1 — Yme1); or, pairing those: terms
which have the same pair of suffixes, for every vertex m,
we have (Z,41Ym— Tm¥Ymsr). Hence, for twice the area
write down the pair wy —azy for each vertex, and add
symmetrically the suflizes,

1,2 21; 2,3 3,2; 3,4 4,3; n, 1 1, n
Thus, for every quadrilateral,
2Q =@y, — By T TYy LYy + XY, — XYy BYy Yy

But, if any point of perimeter be to the left of origin, or
if, to shorten the ordinates, the axis
be drawn across the figure, then
one or more of the codrdinates will
be essentially negative. Thus, if in
a quadrilateral, we take for axis a
diagonal, then '

a‘lzo, 3/120’ 7/3:01
and 2Q=—ay, + T,

Here, 7, being essentially negative,
the two terms have the same sign, and give the ordinary
rule :

43. To find the area of any quadrilateral.

Rule: Multiply half the diagonal by the sum of the per-
pendiculars wpon it from the opposite angles.

Exawm. 88, The two diagonals of a quadrilateral meas-
ure 1492 and 87-53 meters respectively, and are L to one
another. Find the area. '

By 43,

Area =

1492 x 37-58 _ 55-99476
2 2
= 27-99738 square meters. Ans.
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Exanm. 89. Find the area of the polygon 1234567891,
the coordinates of whose angular points are (0, 90),
(30, 140), (110, 180), (80, 90), (84, 80), (130, 40), (90, 20),
(40, 0), (85, 70).

By 42,
2N =230x—40+110x50 + 80 x 50 + 84 x 50 + 130 X 60 + 90 x 40

+40 X — 50 + 35 X — 90 = 18750.

-, area == 9375. Ans.

Remark. The result of any calculation by cobrdinates
may be verified by a simple change of origin. If the ori-
gin is moved to the right through a unit of distance, then
the numerical values of all poéitive abscissae will be dimin-
ished by one, and all negative abscigsae increased by one.
Thus, to verify our last answer, move the origin thirty
units to the right, and the question becomes

Exawm. 40. To calculate the area of polygon whose cotr-
dinates are:

By 42, twice the area equals the
v Y sum of
30 x — 70 = 2100
9 0 140 50 x B0 = 2500
4 50 |90 100 60 = 6000
B 56 | o 60x 40 = 2400
6 100 40 19700
; 6 | 90 10 X — 50 and 5 X — 90 = — 950
3 10 0 18750
9 5 70
‘. area = 9875, as before.

Exam. 41. From the data of Exam. 40 construct the
figure.
Choose a convenient axis and origin, noticing that the
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polygon will lie wholly above the axis, since there are no
minus ordinates. Then, to find first vertex, measure off on
the axis 80 units to the left of origin, and at the point thus
determined, erect a perpendicular 90 units in length. Its

-
e
<
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>

.
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extremity will be the angular point numbered 1. The
extremity of a perpendicular at origin 140 units long
gives vertex 2, and an ordinate 130 long from a point on
axis 80 units to the right of origin gives 3. When all the
angular points have been thus determined, join them by
straight lines in their order of succession.
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44. Given the area and one side of a figure, and the cor-
responding side of a similar figure, to find its area.

Rule: Multiply the gwen area by the squared ratio of
the sides. \
Formula : Alzéﬁ;l.

9

Proof : The areas of similar figures are to one another as
the squares of their like sides.

Wiw. 343; (Eu. VI 20; Cv. IV. 23).

Cor. The entire surfaces of two similar solids are propor-
tional to the squares of any two homologous lines.

Exam. 42. The side of a triangle containing 480 square
meters is 8 meters long.

Find area of a similar triangle whose homologous side
is 40.
A= éSO-XGA}ﬁ@ =480 x 25 = 12000 square meters. Ans.

XV. Magnitudes which can be made to coincide are
congruent.

Magnitudes which agree in size, but not in shape, are
equivalent.
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XVI. A regular polygon is both equilateral and equi-
angular.

The bisectors of any two angles of a regular polygon
intersect in a point equidistant from all the angular points
of the polygon, and hence also
equidistant from all the sides,
and at once the center of an
inscribed and a circumsecribed
circle.

Joining this center to every
angle of the polygon cuts it up
into congruent isosceles triangles.
Hence the area of the regular
polygon is the area of any one
of these triangles multiplied by the number of sides of the
polygon.

45, To find the area of a regular polygon.

Rule: Multiply together one
side, the perpendicular from the
center, and half the wumber of
sudes.

Or, in other words:

Tuke half the product of pe-

rumeter by apothem.

aln __ap
Formula: V= — ﬁ%

i

Exaw. 43. The gide of a regular hexagon is 98 centi-
meters, and its apothem 84-87 centimeters; find its area.

Area ==3 x 98 x 84-87
= 2495178 gquare centimeters. Amns.
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46. By the aid of a table of polygons, to find the area of
any regular polygon.

Rule: Multiply the square of one of the sides of the poly-

gon by the area of a similar polygon whose side 1s wnity.
Formula: NV, =172V,

Proof : This follows from 44, all regular polygons of the
same number of sides being similar.

TABLE oF REGULAR PoLyGoxs.

Number Area when | Number | Area in Terms of
of Sides. Neme. Side = 1. of Sides. | Square on Side.
3 Triangle 0-4330127 15 17-642363
4 Square 1-0000000 16 20-109358
5 Pentagon 17204774 20 31-568757
6 Iexagon 2-5980762 24 45-574525
7 Heptagon 3:6339124 25 49473844
8 Octagon 4-8284271 30 71-357734
9 Nonagon 6-1818242 32 81-225360
10 Decagon 7-6942088 40 127062024
11 Undecagon 9-3656399 48 138-084630
12 Dodecagon 111961524

Exawm, 44. The side of a regular hexagon is 98 centi-
meters; find its area.

Area =98 x 98 x 2-5980762
=24951.78 square centimeters. Ans.
Exawm. 45. If the side of a regular decagon is 0-6 meters,
its area is

0-6 X 0-6 X 7-6942088 = 276991524 square meters. Ans.
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§(H). AREAS OF PLANE CURVILINEAR FIGURES.

47, To find the area of a circle.

Rule: Multiply its squared radius by .

Formula: © = %r,

Proof : If a regular polygon be circumscribed about the
circle, its area, by 45, is

N= %Tpn;

and, by 14, as » increases, p, decreases toward ¢ as limit,
and &V toward ©. But the variables IV and p, are always

in the constant ratio 3+ ; therefore, by 13, their limits are
in the same ratio, and we have

O =%rec
By 18, ¢=27rm.
Therefore, O = r¥m,

Exam. 46. Find the area of a circle whose diameter is
75 meters.
Here 72 = 14-0625.

* 7P == 44.178+ square meters. Ans.

48. To find the area of a sector.

Rule: Multiply the length of the |
are by half the radius.
Formula: S=4%0r=sw?

Proof :
Wiw. 382; (Cv. V. 44); B
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or, as follows: By Eu. VI. 33,
S:Q::liciru:2m,
. S:(il’_g_u
o ¢ 27
. S*:}rcl 7-"mg

Exau. 47. Find the area of a sector whose arc is 99-58
meters long, and radius 86-34 meters.

99-58 X 43-17 = 4298-8686 square meters. Ans.
ExaMm. 48. Find the area of a sector whose radius is 28

centimeters, and which contains an angle of 50°36!
Here, by 29,

w = 0-883+
2= 282= 784
3532
7064
6181
2)692:272

- 8=346-136 square centimeters. Ans.

49, To find the area of a segment less than a semicircle.

Rule: ZFrom the sector hav-
ing the same arc as the seg-
ment, sublract the triangle
Sormed by the chord and the
| 4 two radiv from ils extremaities.

Formula:
Pk 10— F)
G= ‘.
41
Proof : The segment AHDB
is the difference between the sector AHBC and the tri-
angle ABC.
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By 48, AHBC =10r.
By 35, ABC=3ABXCD="%k(r—h).
G=8~AN=3%lr—Lk(r—nh).
2@ =1lr — kr + kh.

But
HDX DF = AD*

Ww. 307; (Eu. VI. 13; Cv. II1. 47).

o h@r—R)=1
I Y i
T 2n

Substituting this value of 7 in the expression for 2@, we
obtain

172 4 72 172 97 72 2
2G=(Z—k)4k + I +kh:4k(l k)+7blﬁhk+2hk
2h 2h
' 4h

Cor. The area of a segment of a circle is equal to half
the product of its radius and the excess of its arc over half
the chord of double that arc. For

sector AHBC = Llr,
and AN ABC=1%rx BL.
" segment AHB = }r(l— BL).

Approximate Rule for Segment : Tuke two-thirds the prod-
uct of its chord and height.

Approximate Formula: G =37k

Exam. 49. If the chord of a segment is » x 0-959851+,

and its height is # X 0-122417+, then an approximation to
its area is

—%r" X 0-959851+ X 0-122417+ = 42 X 01175024 = r* X 0-0783+.
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But if, also, we can measure the arc, and here find it
equal to radius, then '

(0 12241 T4 0-959851)+ 113095985 1 (r—rx0-959851+)
47X 0122417+
2 G=17X0 12241 T4+ 13 0- 117502+ -+ 572X 752608+ — 12X T- 22387
. G=112X 0239919+ 751%x 0-30216+
. G=112(0-239919++0-07554+)
v G=}12X0-315499+,

. @=17*"x0.07836+. Ans.

Proceeding directly by Rule 49, instead of Formula 49,
we here get
S=3,
and A = }(r x 0-959851+) (r — X 0-122417+)
s A =X 04799255+ X r X 0-877583~
oo A =1t 0421174
o G = S— D =12 007883,

Since, in this example, arc =17, . G is, in any O, the
segment whose X is p.

60. A circular zone ig that part of a circle included be-
tween two parallel chords, and may be found by taking
the segment on the shorter chord out of that on the longer.

61, A crescent is the figure included between the cor-
responding arcs of two intersecting circles, and is the dif-
ference between two segments having a common chord,
and on the same side of it.

52. To find the area of an annulus; that is, the figure
included between two concentric circumferences.

Rule: Multiply the sum of the two radiv by thewr differ-
ence, and the product by .

Pormula: A= (r,+ ) (1 —r) 7.
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Proof : By 47, the area of the outer circle is 7’r, and of
the inner circle 7. Therefore, their difference, the an-
nulus, is (7 —rd)m.

Cor. The area of the annular figure will be the same

whether the circles are concentric or not, provided one
circle 1s entirely within the other.
If the two circles intersect, they form
two lunes, one on each side of the
common chord, and the difference of
the two lunes will always be equal
to the annulus formed by the same
circles.

Exam. 50, The radii of two con-
centric circles are 39 meters and 11:3 meters. Find the
area of the ring between their circumferences.

Here
A =508 x 277 X m = 4877-2+ square meters. Ans.

53, To find the area of a sector of an annulus.

Rule: Multiply the sum of the bounding arcs by half the

distance between them.

Formula: S. A.=34(4-+ ).
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Proof : The sectorial area ABLD is the difference be-
tween the sector ABC and the
sector CDF.
. by 48,
SA =30+ )], — 31,
=3 (M, + Lr—1,r).
Now, since /; and 4 are arcs
subtending the same angle at G

sooby IX,
b
r+h 7

o hly=1lr— 1L

Substituting, we have

SOA = B (M, + D) = YR, + 1),

Cor. By comparison with 40, we see an annular sector
is equivalent to a trapezoid whose parallel sides equal the
arcs, and are at the same distance from one another.

Exam. 51. The upper arc of a circular arch is 85:25
meters; the lower, 24-75 meters; the distance between
the two is 85 meters. How many square meters are there
in the face of the arch?

Here 8. A.==1-75 X 60 == 105 square meters. Ans.

XVII. Coxrcs.

If a straight line and a point be given in position in a
plane, and if a point move in the plane in such a manner
that its distance from the given point always bears the
same ratio to its distance from the given line, the curve
traced out by the moving point is called a conic.

The fixed point is called the focus, and the fixed line
the ‘dircetriz of the conic.
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When the ratio is one of equality, the curve is called a
parabola.

54, To find the area of a parabolic segment; that is, the
area between any chord of a parabola and the part of the
curve intercepted.

Rule: TZake two-thirds the product of the chord by the
height of the segment.

Formula: J= %%k

Proof : A parabolic segment is two-thirds of the triangle
made by the chord and the tangents at its extremities.

If AB, AC, be two tangents to a parabola, to prove that
the area between the curve and the chord B is two-thirds
of the triangle 4 BC.

Parallel to BC draw a tangent DPE. Join A to the
point of contact P, and produce AP to cut the chord B
at V.

By a property of the parabola, deducible from its defini-

tion,
AP = PN.
. BO=2-DE.

Ww. 276 & 279; (BEu. VI. 2&4; Cv. II1. 15 & 25).
. by 385, A BPC =2 ADE.

This leaves for consideration the two small triangles
PDB, PEC, each made by a chord and two tangents.
With each proceed exactly as with the original triangle :
e.g., draw the tangent FQG parallel to PB; join D@, and
produce it to A7; then

DO = QI
.. PB=2-F@.
- ANPQR=2FD{.
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This leaves four little tangential triangles, like PFQ).
In each of these draw a tangent parallel to the chord, etc.,
and let this process be continued indefinitely.

Then the sum of the triangles taken away within the
parabola is double the sum of the triangles cut off without

C

it. But the sum of the interior triangles approaches, as
its limit, the parabolic segment. For the triangle BPC,
since 1t is half of 4 BC| is greater than half the parabolic
area BQLPC, and so successively with the smaller interior
triangles. Therefore, the difference between the parabolic
segment and the sum of these triangles can be made less
than any assignable quantity.

Ww. 198; (Eu. XII,, Lemma; Cv. V. 28).

Therefore, the constant segment is, by definition V., the
limit of this variable sum,
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Again, each outer triangle cut off is greater than half
the area between the curve and the two tangents; e g.,
ADUE, being half the quadrilateral ABPC; is more than
half the area A BQPC. Therefore, the limit of the sum of
the outer triangles is the area between the curve and the two
tangents 4B, AC. But these two variable sums are always
to each other in the constant ratio of 2 to 1. Therefore,
by 18, their limits are to each other in the same ratio,
and the parabolic segment is two-thirds its tangential
triangle.

But the altitude of this triangle is twice the height of

the segment.
A= hE,
and J=%hk.

65. To find the area of an ellipse.
Rule: Multiply the product of the semi-axes by .
Formula: A= abwr.

Proof: Let ADA'D' be a circle of which AC, O'D are
radil at right angles to one another.

In CD let any point B be taken; then, if this point
move so as to cut off from all ordinates of the circle the
same part that BC is of DC the curve traced is called an
ellipse.

In one quadrant of the circle take a series of equidistant
ordinates, as Q) Py My, Qo Py My, Q3 Py My, etc. Draw P Ry,
Q1 th, ete., parallel to the axis 44! Then, by 82,

arvea o M, :area R/ M :: P M :QM:: BC: AC;

and each corresponding pair being in this constant ratio,
. the sum of the rectangles ZM is to the sum of R/ M as
BC:AC But the sum of R differs from one-quarter
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of the ellipse by less than the area B, which can be
made less than any assignable quantity by taking C'34;, the
common distance between the ordinates, sufficiently small.

A

D'

Hence, 4' BC is the limit of the sum of the rectangles B ;
and, in the same way, the quadrant of the circle is the limit
of the sum of Z'M. Therefore, by 13,

E_BC_ D
o Ac @

N L
a a

Cor. The area of any segment of an ellipse, cut off by a
line parallel to the minor axis, will be to the corresponding
segment of the circle upon the major axis in the ratio of
b to a.

Txam. 52, Find the area of an ellipse whose major axis
is 61+6 meters, and minor axis 44-4 meters.

=308 x 22:2 x 8:14159
== 2148-09+ square meters. Ans.



CHAPTER 1IV.

Toe MEASUREMENT OF THE AREAS OF BROKEN AND
CURVED SURFACES.

XVIIL. A polyhedron is a solid bounded by polygons.

A polyhedron bounded by four polygons is called a fe-
trahedron; by six, a hexahedron; by eight, an octahedron ;
by twelve, a dodecahedron; by twenty, an icosahedron.

The faces of a polyhedron are the bounding polygons.
If the faces are all congruent and regular, the polyhedron
is regular. _

The edges of a polyhedron are the lines in which its
faces meet.

The summats of a polyhedron are the points in which its
edges meet.

A section of a polyhedron is a polygon formed by the
intersection of a plane with three or more faces.

A convezr figure is such that a straight line cannot meet
its boundary in more than two points.

56, T'he number of faces and swmmals in any polyhedron
taken together exceeds by two the number of its edges.
Formula: §F+S=¢ 2

Proof : Let € be any edge joining the summits «f and
the faces 4B, and let € vanish by the approach of 8 to a.
If 4 and B are neither of them triangles, they both re-
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main, though reduced in rank and no longer collateral,

and the figure has lost one edge e and one summit .
If B is a triangle and 4 no triangle, B vanishes with e

into an edge through «, but 4 remains. The figure has

lost two edges of B, one face B, and one summit 8. If B
and 4 are both triangles, B and A4 both vanish with e,
five edges forming those triangles are reduced to two
through o; and the figure has lost three edges, two faces,
and the summit 8.

In any one of these cases, whether one edge and one
summit vanish, or two edges disappear with a face and a
summit, or three edges with a summit and two faces, the
truth or falsehood of the equation

) F+E=6+2
remains unaltered.

By causing all the edges which do not meet any face to
vanish, we reduce the figure to a pyramid upon that face.
Now, the relation is true of the pyramid; therefore it is
true of the undiminished polyhedron.

2 (). PRISM AND CYLINDER.

XIX. A prism is a polyhedron two of whose faces are
congruent, parallel polygons, and the other faces are paral-
lelograms. :
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The bases of a prism are the congruent, parallel polygons.

A parallelepiped is a prism whose bases are parallelo-
grams.

A normal is a straight line perpendicular to two or more
non-parallel lines.

The altitude of a prism is the normal distance between
the planes of its bases.

A 7ight prism is one whose lateral edges are normal to
its bases.

57. To find the lateral surface or mantel of a prism.

Rule: Multiply o lateral edge by the perimeter of a right
section.

Formula: P ={p.

Proof: The lateral edges of a prism are all equal.
The sides of a right section, being perpendicular to the

lateral edges, are the altitudes of the parallelograms which
form the lateral area of the prism.

Cor. The lateral area of a rig/ht prism is equal to its alti-
tude multiplied by the perimeter of the base.

Exam. 53. The base of an oblique prism is a regular
pentagon, each side being 8 meters, the perimeter of a
right section is 12 meters, and the length of the prism 14
meters. Find the area of the whole surface.
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By 46, the area of the pentagonal base is
9 X 1-7204774 = 15-4842966.

Doubling this for the base and top together, and adding
the lateral area of the prism, which, by 56, is

19 % 14 = 168,
the total surface

= 168 4 30-9685932 — 198-9686— square meters. Ans.

XX. A cylmdric surface is generated by a straight line
50 moving that every two of its positions are parallel.

The generatrix in any position iz called an element of
the surface.

A cylinder is a solid bounded by a cylindric surface and
two parallel planes.

The azis of a cylinder is the straight line joining the
centers of its bases.

A truncated cylinder is the portion between the base
and a non-parallel section.

58. To find the curved surface or mantel of a right cir-
cular eylinder.

Rule: Multiply its length by the cir-
cwmference of its base.

’ J Formula, t O=c¢l=2mrl

i First Proof: Imagine the curved
surface slit along an element and then
spread out flat. = It thus becomes a

rectangle having for one side the circumference and for
the adjacent side the length of the cylinder.

Second Proof - Inscribe in the right cylinder a right
prism having a regular polygon as its base. Bisect the
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ares subtended by the sides of this polygon, and thus in-
scribe a regular polygon of double the
number of sides, and construct on 1it, as
base, an inscribed prism.

Proceeding in this way continually to
double the number of its sides, the base of
the inscribed prism, by 14, approaches the
base of the cylinder as its limit, and the
prism itself approaches the cylinder as its
limit. But, by 56,

P=1p,

and always the variable P bears to the variable p the
constant ratio /. Therefore, by 18, their limits are in the
same ratio, and O
Cor. 1. The curved surface of a truncated circular cyl-
inder is the product of the circumference of the
cylinder by the intercepted axis. Ior, by sym-
metry, substituting an oblique for a right section
through the same point of the axis alters neither
the curved surface nor the volume, since the
solid between the two sections will be the same above and
below the right section. '

Cor. 2. The curved surface of any cylinder on any curve
equals the length of the cylinder multiplied by the perime-
ter of a right section.

Lxanm. 54. Find the mantel of a right cylinder whose
diameter is 18 meters and length 80 meters.

0= 380 x 18 x 3-14159 == 1696-4586 square meters. Ans.
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2(J). PYRAMID AND CONE.

XXI. A regular pyramid is contained by congruent
isosceles triangles whose bases form a regular polygon.

A conical surface is generated by a straight line moving
50 as always to pass through a fixed point called the vertez.

A cone is a solid bounded by a conical surface and a
plane.

The frustum of a pyramid or cone is the portion in-
cluded between its base and a cutting plane parallel to
the base.

59, To find the area of the lateral
surface or mantel of a regular pyra-
mid.

Rule: Multiply the perimeter of
the base by half the slant height.

Pormula: Y =1%/p.

Proof : The altitude of each of the
equal isosceles triangles is the slant
height of the pyramid, and the sum
of their bases is the perimeter of its hase.

Exawm. 55. Tind the lateral area of a regular heptagonal
pyramid whose slant height is 18-56224 meters, and basal
edges each 1} meters. _

One quarter of 18-56224 is 8-39056. Adding these and
dividing their sum by 2 gives 8-4764 for the area of one
triangular face. The lateral area is 7 times this, or

59:8348 square meters. Ans.
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60. To find the area of the curved surface or mantel of
a right circular gone.

Rule: Multiply the circum-
Sference of its base by half the

slant heigh. X
Formula: K =%ch=nrh. / P
First Proof: The distance 4 - .

from the vertex of a cone of
revolution to each point on the circum-
ference of its base is the slant height of
the cone. Therefore, if the surface of the
cone be slit along a slant height and
spread out flat, it becomes the sector of a
circle, with the slant height as radius and
the circumference of cone’s base as are.
. by 48, its area is % ch.

Second Proof : About the base of the cone circumscribe
a regular polygon, and join its vertices and points of con-
tact to the vertex of the cone.
Thus is circumscribed about
the cone a regular pyramid
whose slant height equals the
slant height of the cone. k

By drawing tangents, cir-
cumscribe a regular polygon of
double the number of sides,
and construct on 1it, as before,
a circumseribed regular pyra-
mid. Thus proceeding continually to double the number
of sides, the base of the circumscribed pyramid, by 14, ap-
proaches the base of the cone as its limit, and the pyramid .
itself approaches the cone as its limit.
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But, by 58, Y—iip
and always the variable Y has to the variable p the con-
stant ratio /4. .. by 13, their limits are in the same
ratio, and K—}eh

Cor. 1. In the Proof of 47 we find
Q = er.

.. the slant height of a right circular cone has the same
ratio to the radius of the base that the curved surface has
to the base, or HiBiiher
Cor. 2. Calling X the sector angle of the cone, we have
A:360::7: A

ExaMm. 56. Given the two sides of a right-angled tri- -
angle. Find the area of the surface described when the
triangle revolves about its hypoth-
enuse.

Calling @ and & the given alti-
tude and base, and z the length
of the perpendicular from the
right angle to the hypothenuse, by
59, the area described by @ is wza, and described by b is
wxb.  Thus the whole surface of revolution is 7 (a 4 0).

But

azx:: Va4 0% b, Fu. I.47 & VI. 8.
. .. ab _w(a+0b)ab
Lo=——" and w(a+0)x=—- —. Ans.
NI X : ( ) (a2 -+ 62)5

61. To find the lateral surface or mantel of the frustum
of a regular pyramid.
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Rule: Multiply the slant height of the frustum by half
the sum of the pervmeters of s bases.

Formula: 7' =34(p + p2).

Proof : The base and top being similar regular polygons,
the inclined faces are congruent trapezoids, the height of
each being the slant height of the frustum. If n be the
number of faces, by 40,

T n /)
.. area of lateral surface = F = (p, + p,).

area of each face =% h (]’)1 T &)

Exaum. 57. Find the lateral area of a regular pentagonal
frustum whose slant height is 11-0882 meters, each side of
its base being 22 meters, and of its top 14 meters.

The sum of a pair of parallel sides is 18

11-0382 X 13 = 143-4966.
143-4966 +~ 6= 23-9161,

the area of one trapezoidal face. The lateral area is five

times this, or 119-5805 square meters. Ans.

62. To find the curved surface or mantel of the frustum
of a right circular cone.
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Rule: Multiply the slant height of the frustum by half
the sum of the circumferences of s bases.

Formula: F=3h(ei+ ) =ah(r,+ 7).

Proof : Completing the cone and
slitting it along a slant height, the
curved surface of the frustum develops
into the difference of two similar sec-
tors having a common angle, the arcs
of the sectors being the circumferences
of the bases of the frustum. By 53,

LT

the area of this annular sector = F = § h(e, + ¢p).

Exaum. 58. Find the mantel area of the frustum of a
right cone whose basal diameter is 18 meters; top diame-
ter, 9 meters; and slant height, 171-0592 meters.

31416 X 9 = 28-2744 = circumference of top.
Twice top circumference = 56-5488 = circumference of base.

Half their sum is 42-4116, and fhis multiplied by the
slant height 171-0592, gives, for the curved surface,
7254-89 square meters. Ans.

' 63. To find the curved surface of a frustum of a cone of
revolution.

Rule: Multiply the projection of the frustum's slomt
hewght on the axis by twice w times a perpendicular erected
at the midpoint of this slant height and terminated by the
axis.

_ Formula: F=2maj.

Proof : By 62, the curved surface of the frustum whose
- slant height is PR and axis MC is

F=nxXPR(PM+ RN).
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But, by 40, Cor.,
PM + RN =2QO0.
o F=21x PR X QO.

But the triangle 27 is equiangular to CQO, since the
three sides of one are perpen-
dicular to the sides of the other.

o PRXxQO=PLxQC

Ww. 279 & 259; (Eu. VI. 4& 16;
Cv. TIL. 25 & 5).

o F=2n(LPX 0Q)=2m(MNX CQ) ,
= 2mja.

Cor. This remains true, if either PM or RN vanish, or
if they become equal; that is, true for a cone or cylinder
of revolution. '

3 (K). THE SPHERE.

XXII. A sphereis a closed surface all points of which are
equally distant from a fixed point within called its center.

A globe is the solid bounded by a sphere.

64. To find the area of a sphere.
Rule: Multiply four times its squared radiuws by .
Formula: ZH = 4+°x.

Proof : In a circle inscribe a regular polygon of an even
number of sides. Then a diameter through one vertex
passes through the opposite vertex, halving the polygon
symmetrically. Let PR be one of its sides. Draw PM,
RN perpendicular to the diameter BD. From the center
C the perpendicular CQ bisects PR.

Ww. 183; (Eu. III. 3; Cyv. IL 15).

Drop the perpendiculars P.L, QO.
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Now, if the whole figure revolve round B0 as axis, the
semicircle will generate a sphere, while each side of the
»  inseribed polygon, as PR, will gene-
rate the curved surface of the frus-

Y tum of a cone. By 63, this

0
v F =20 MN x 0Q;

and the sum of all the frustums, that
18, the surface of the solid generated
¢ by the revolving semi-polygon, equals
270 into the sum of the projections.

:.Lg’}%: 270Q X BD = 2ma X 2r =4 arrm.

v=1

As we double » the number of
sides of the inscribed polygon, by 14,
its semiperimeter approaches the
semicircumference as limit, and its solid of revolution ap-
proaches the sphere as limit, while CQ or @, its apothem,
approaches 7 the radius of the sphere as limit. But the
variable sum bears to the variable @ the constant ratio 4 7.
Therefore, by 13, their limits have the same ratio, and

D

H =42,

Cor. 1. A sphere equals four times a circle with same
radius. )

Cor. 2. A sphere equals the curved surface of its circum-
scribing cylinder.

Exam. 59. Considering the earth as a sphere whose

radius Is 6:3709 x 10® centimeters, find its area.

H =4(6:3709)% x 10 x =,
H =4 % 40-58836681 x 3-14159265 x 10%.

H =5,100,484,593,831,997,860 square centimeters. Ans.
Or, about 510 million square kilometers.
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XXIIL. A spherical segment is the portion of a globe
cut off by a plane, or included between two parallel
Planes.

A zone is the curved surface of a spherical segment.

The Proof of 64 gives also the following rule for the area
of a zone: )

65. To find the area of a zone.

Rule: Multiply the altitude of the segment by twice w
times the radius of the sphere.

Formula: Z = 2mrra.

Cor. 1. Any zone is to the sphere as the altitude of its
segment 13 to the diameter of the sphere.

B
Cor. 2. Let the arc BP generate a calot P
or zone of a single base. By 65, its area 7
PL”
7 =27 X BOX BM =7BD X BM =x X BP* ','@\_—‘—M
Wiw. 289; (Eu. VL8, Cor; Cv. IIL 44). | ¢
Hence, a calot or zone of one base is 3\ \\\
equivalent to a circle whose radius is the N\
chord of the generating arc. N »
————— 3

Exau. 60. Find the area of a zone of one base, the di-
ameter of this base being 60 meters, and the height of the
segment 18 meters.

Using Cor. 2, the square of the chord of the generating
are 18 (30)2 + (18)2 = 1224,
which, multiplied by =, gives, for the area of the calot,

3845-31 square meters. Ans.
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66. THEOREM OF PAPPUS.

If a plane curve lies wholly on one side of « line in its
own plane, and revolving about that line as axis generates
thereby o surface of revolution, the arew of the surface is
equal to the product of the length of the revolving line into
the path described by its center of mass.

Seholium. The demonstration given under the next rule,
though fixing the attention on a single representative case,
applies equally to all cases where the generatrix is a closed
figure, has an axis of symmetry parallel to the axis of revo-
lution, and so turns as to be always in a plane with the
axis of revolution, while its points describe circles perpen-
dicular to both axes.

Exawm. 61. Use the Theorem of Pappus to find the dis-
tance of the center of mass of a semicircumference from
the center of the circle, by reference to our formula for the
surface of a sphere.

By 64, H=4rr.
By 66, H=7rmX2¢r.
Equating, we get 2r=2m.

= gz. Ans.
™

87. To find the area of the surface of a solid ring.

Rule: Multiply the generating circwmference by the path
of its center.

Formula: O=4=%r 17,

Proof : Conceive any plane to revolve about any straight
line in it. Any circle within the plane, but without the
‘axis, will generate a solid ring.
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Draw the diameter BCD parallel to the axis 40. Di-
vide the semicircumference B PD into n equal arcs, and
call their equal chords each £ From the points of divis-
ion drop perpendiculars to the axis, thus dividing the

other semicircumference BQD into » corresponding parts.
Let BP, B, be a pair of arcs. If we draw their chords,
we have a pair of right-angled trapezoids, 4 BPN and
ABQN, which, during the revolution, describe frustums
whose curved surfaces, by 62, are

F = nk(BA + P),
and F,= wk(BA + QN).

If MLGF is the medial line, then, by Proof to 40,

F = 2rkx FIM,
and F,=2nkx LM

oo B4 Fy=27k(FM + LM)=27k(FG + GM + GM —GL).
But the diameter BCD is an axis of symmetry, and

GM=C0=r,
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the radius of the path of C

S B+ F =27k 2,

This is the expression for each pair; and, as we have n
pairs, therefore, the whole surface generated by a symmet-
rical polygon of 27 sides equals

2nk2mry, = p 2mr,

since 2nk is p the whole perimeter.

But, as we increase 2% the number of sides of the in-
scribed polygon, by 14, p approaches ¢ as its limit, and the
sum of frustral surfaces approaches the surface of the ring
as limit. But the variable sum bears to the variable pe-
rimeter the constant ratio 2, Therefore, by 18, their
limits have the same ratio, and

O = ¢2mr,=2mr 27r,,

where 7 is the radius of the generating circle, and 7, the
radius of the path of its center.

Exan. 62. Find the surface of a solid ring, of which the
thickness is 8 meters, and the inner diameter 8 meters.
Here 7; 18 13 meters, and 7, is 53 meters.

S 4wty =3-1416 X 3 x 8-1416 x 11
= 94248 X 84-5576
= 825-698 square meters. Ans.

Exan. 63. Find the area of the surface of a square ring
described by a square meter revolving round an axis
parallel to one of its sides, and 3 meters distant.

Here the length of the generating perimeter is 4 meters.

The path of its center is 7, since 7, 1s 8% meters.

s 0 =287 =87-9648 square meters. Ans.
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Exam. 64. A circle of 1-35 meters radius, with an in-
seribed hexagon, revolves about an axis 6:25 meters from
its center and parallel to a side of the hexagon. Iind the

difference in area of the generated surfaces.

Here r =135 and 7, — 625,

1 2
Therefore, area of circular ring is

4y p, =X 27 X 12:5 = 9-8696 X 33-75 = 333-099.

For the hexagonal ring
Ww. 391; (Eu. IV. 15, Cor.; Cv. V. 14)
the length of the generating perimeter is

61356 =281.
The path of its center is

X 125 = 39-27~.
Therefore, its area is

39-27 % 81 = 318-087.

Thus the difference in area is
15-012 square meters. Ans.

§(L). SPHERICS AND SOLID ANGLES.

XXIV. A great curele is a section of a globe made by
a plane passing through the center.

A lune is that portion of a sphere
comprised between two great semi-
circles.

The angle of two curves passing
through the same point is the angle
formed by the two tangents to the
curves at that point.

A spherical angle is the angle included between two
arcs of great circles.

N
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A plane angle is the amount of divergence between two
straight lines which meet in a point.

A solid angle 1s the amount of spread between two or
more planes which meet at a point.

Two polyhedral angles, having all
their parts congruent, but arranged
in reverse order, are symimetrical.

A steregon, the natural unit of solid
angle, is the whole amount of solid
angle round about a point in space.

As a perigon corresponds to a
circle and its circumference, so a
steregon corresponds to a globe and
its sphere.

The steregon is divided into 360 equal parts, called
spherical degrees of angle, and these divide the whole
sphere into 360 equal parts, each called a degree of spheri-
cal surface.

A steradian is the angle subtended at the center by that
part of every sphere equal to the square of its radius.

68. To find the area of a lune.

Rule: Multiply its angle in radians by twice its squared
radius.

Formula: L= gv"zu.

Proof : Liet PAQBP, PBQCP be two lunes having
equal angles at P; then one of these lunes may be placed
on the other so as to coincide exactly with it: thus lunes
having equal angles are congruent. Then, by the process
of Eu. VI. 33; (Ww. 766; Cv. VIIL 95), it follows that a

lune 1s to the sphere as its angle 1s to a perigon;

L _u. L= 2%,

47 2’
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Cor. 1. A lune contains as many degrees of spherical
surface as its angle contains degrees. P

Cor. 2. A lune measures twice as
many steradians as its angle contains
radians. 4 (B (¢

Exawm. 65. Find the area comprised
between two meridians one degree ]
apart on the earth’s surface. Q
Assuming as the earth's surface 196,625,000 square
miles, dividing by 860, gives for the lune,

546,180-5+ square miles. Ans.

XXV. Suppose the angular point of a solid angle is
made the center of a sphere; then the planes which form
the solid angle will cut the sphere in ares of great circles.

Thus a figure will be formed on the sphere, which is
called a spherical triangle if it is bounded by ¢Aree arcs of
great circles, each less than a semicircumference.

If the solid angle be formed by the meeting of more than
three planes, the corresponding figure on the sphere is
bounded by more than three arcs of great circles, and is
called a spherical polygon.

The solid angle made by only two planes corresponds
to the lune intercepted on any sphere whose center is in
the common section of the two planes.

The dihedral angle of two planes is the amount of rota-
tion which one plane must make about their intersection
in order to coincide with the other.

The angles of a spherical polygon equal the dihedral
angles of its solid angle.

The sides of the polygon measure the fuce angles of this
polyhedral angle.
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From any property of polyhedral angles we may infer
an analogous property of spherical polygons. Reciprocally,
from any property of spherical polygons we may infer a
corresponding property of polyhedral angles.

XXVI. A spherical pyramid is a portion of a globe
bounded by a spherical polygon and the planes of the sides
of the polygon.

The center of the sphere is the wertex of the pyramid;
the spherical polygon is its base.

69. Just as plane angles at the center of a circle are
proportional to their intercepted arcs, and also sectors;
s0 solid angles at the center of a sphere are proportional to
their intercepted spherical polygons, and also spherical
pyramads.

XXVII. The spherical excess of a spherical triangle is
the excess of the sum of its angles over a flat angle. The
spherical excess of a spherical polygon is the excess of the
sum of its angles above as many flat angles as it has sides
less two.

70, To find the area of a spherical triangle.

Rule: Multiply its spherical excess n radians by ils
squared raduus.

Formula: A = er?

Proof: Let ABC be a spherical triangle. Produce the
arcs which form its sides until they meet again, two and
two. The A ABC now forms a part of three lunes, name-
ly, ABDCA, BCEAB, and CAFBC.

Since the A's CDE and FAB subtend vertical solid
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angles at O, they are equivalent, by 69. Therefore, the
lune CAFBC equals the sum of the two triangles 4 BC
and CDZF. Thus the lunes
whose angles are 4, B, and C,
are together equal to a hemi-
sphere plus twice A ABC
Subtracting the hemisphere,
which equals a lune whose
angle is a flat angle, we have

28 ABC =
lune whose & is (4 + B + C —f).

. A =lune whose X is }e.

. by 68, A = e
Cor. 1. A A contains half as many degrees of spherical
surface as its ¢ contains degrees.

Cor. 2. A A measures as many steradians as its e contains
radians.

Cor. 3. Every X of a Ais > be

Exawm. 66. Find the area of a tri-rectangular A.
Here e=1t X =}

LA =4t

or, a tri-rectangular triangle is one—éighth of its sphere.
By Cor. 1, a tri-rectangular A containg forty-five de-
grees of spherical surface. ’

71, To find the area of a spherical polygon.

Rule: Multiply its spherical excess in radians by its
squared radius. ‘

Formula: N =[s—(n—2)r]s
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Proof : I'rom any angular point divide the polygon into
(n—2) A's. .. by 70,

ﬁz[?~(%—2)n]7'2.

This expression is true even when the polygon has reén-
trant angles, provided it can be divided into A’s with each
X less than f.

Cor. 1. On the same or equal spheres, n-gons of equal
angle-sum are equivalent; or,

-~

M:‘sz if A§1:2‘2'

Cor. 2. To construct a dihedral solid 2 equal to any
polyhedral X ; that is, to transform into a lune any sphe-
rical polygon; add its angles, subtract (n— 2)f, and halve
the remainder.

Exaum. 67. Find the ratio of the vertical solid angles
of two right cones of altitude @ and @, but having the
same slant height 2.

These solid angles are as the corresponding calots on the
sphere of radius /.

Therefore, from 65, the required ratio is

2rh(h—a) h—o
2xh(h—a) h—a,

the ratio of the calot-altitudes. Ior the equilateral and

right-angled cones this becomes

2—-V3
22
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THIRD REFERENCE TARLE

@ el
B } = angles. :
v P
d = density. g
e = cdge. T
¢ =V. of paraboloid. v
7 =V. of ellipsoid. 4
6 =V.of prolate spheroid. X
¢ =v-1 4
A =2 of cone. ©
4 = mass. *
¢ = approximation. =

OF ABBREVIATIONS.

Ul

=radian.

= V. of oblate spheroid.
= distance.

= V. of spherical ungula.
= fanction.

= V. of hyperboloid.

= V. of mid I. of spindle.

= weight.
= varies as.
= congruent.



CHAPTER V.
Tar MEASUREMENT OF VOLUMES.
7(M). PRISM AND CYLINDER.

XXVIII. Two polyhedrons are symmetrical whose faces
are respectively congruent, and whose polyhedral angles
are respectively symmetrical; e.g., a polyhe-
dron is symmetrical to its image in a mirror.

A quader is a parallelepiped whose six faces
are rectangles.

A cube is a quader whose
six faces are squares.

XXIX. The volume of a
solid is its ratio to an assumed
unit.

The wnit for measurement of volume is a cube whose
edge is the unit of length.

Thus, if the linear unit be a meter, the unit of volume,
contained by three square meters at right angles to each
other, is called a cubic meter (o™).

XXX. Using length of a line to mean its numerical
value, lengths, areas, and volumes, are all three quantities
of the same kind, namely ratios. All ratios, whether ex-
pressible as numbers or not, combine according to the same
simple laws as ordinary numbers and fractions.

Ww. Bk. ITI.; (Eu. Bk.V.; Cv. Bk. IL).
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Therefore, we may multiply lengths, areas, and volumes
together promiscuously; or divide one by the other in any
order.

If we ever speak of multiplying a line, a surface, or a
solid, we mean always the length of the line, the area of
the surface, or the volume of the solid.

72, To find the volume of a quader.

Rule: Multiply together the length, breadth, and height
of the quader.

Or, in other words,
Multiply together the lengths of three adjacent edges.

Formula: U = abl.

Proof : By 82, the number of square units in the base of
a quader is the product of two adjacent edges, b/.

If on each of these square units we place a unit cube,
for every unit of altitude we have a layer of &/ cubic
units; so that, if the altitude is @, the quader contains ab/
cubic units.

Cor. 1. The volume of any cube is the third power of
the length of an edge; and this is why the third power
of a number is called its cube.

Cor. 2. Every unit of volume is equivalent to a thousand
of the next lower order.

Cor. 8. The arithmetical or algebraic extraction of cube
root makes familiar the use of the equation

(& + DY = a® 4 3a®b + 3al® + b?,
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Tts geometric meaning and proof follow from inspection
of the figure of a cube on the edge a0, cut by three
planes into eight quaders,

RISy
a

-

T
LT
TSI

iy

The cube ¢® of the longer rod «, taken out, had faces o’
in common with three quaders of altitude 4; had edges
in common with three quaders of base 6% and one corner
the corner point of the smaller cube &%

XXXI. Mass, Devsiry, WEIGHT.

The wnit of capacily is a cubic decimeter, called the
liter ().

The quantity of matter in a body is termed its mass.
The wnit of mass is called a gram (8). Pure water at tem-
perature of maximum density is 1-000018 gram per cubic
centimeter (™). So, in physics, the centimeter is chosen
as the unit of length, because of the advantage of making
the wnit of mass practically identical with the mass of
untt-volume of water; in other words, of making the value
of the density of water practically equal to wnmity; density
being defined as mass per wnit-volume,
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The second 1s the fundamental wnit of tme adopted with
the centimeter and the gram.

Though the weight of o body, that is, the force of its at-
traction toward the earth, waries according to locality, yet
weight being proportional to mass, the number cxpressing
the mass of a body expresses also its weight in terms of the
weight of the mass-unit at the same place. Thus, o terms

Cubic Gram
Liter = Cubic Decimeter. Centimeter. ‘Weight. Liter (common form).

of the gram and centimeter, or of the kilogram (*) and liter,
the mass, weight, and volume of water arc expressed by the
same number. '

So the density of any substance is the number of times
the weight of the substance contains the weight of an equal
bulk of water. Therefore, the density of a substance is the
weight of a cubic centimeter of that substance in grams, or
the weight of a liter in kilograms. Hence,

73. To find the density of a body.

Rule: Duwide the werght in grams by the bulk in cubic

centimeters.
w® "8

Formula: 8-=-2 =9
ormula eom Vl

Exam. 68. If 65 cubic centimeters of gold weigh 125177

grams; find its density. 195177 = 65 — 19-958. Ans
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Exan. 69. How many cubic centimeters (“™) in one
hektoliter (™)?
Since 1 liter = 1000 cubic centimeters,

. 1 hektoliter = 100,000 cubic centimeters. Ans.

Exau. 70. If the density of iron 1s 7-788, find the mass
of a rectangular iron beam 7 meters long, 25 centimeters
broad, and 55 millimeters high.

The volume of the beam in cubic centimeters is

700 X 25 % 55 = 96,250 cubic centimeters.

Therefore, its mass 18

96,250 x 7-788 = 749,595 grams. “Ans.

T4, To find the volume of any parallelepiped.
Rule: Multiply its altitude by the area of its base.
Formula: V. P = abl.

Proof : Any parallelepiped is equivalent to a quader of
equal base and altitude. For, supposing 4B an oblique
parallelepiped on an oblique base, prolong the four edges
parallel to A.B, and cut them normally by two parallel
planes whose distance apart, 1), is equal to 4/5. This
gives us the parallelepiped ‘ODF, which is still oblique,
but on a rectangular base. Prolong the four edges parallel
to DF, and cut them normally by two planes whose dis-
tance apart F'G' is equal to DA, This gives us the qua-
der I'G.

Now, the solids 4C' and BDE are congruent, having all
their angles and edges respectively equal. Subtracting
cach in turn from the whole solid ADZFE leaves CDLE
equivalent to 4D,
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Again, the solids CDZ" and L/G' are congruent. Taking
from each the common part ZF" leaves CDZL equivalent

to F'G. Therefore, the parallelepiped 4B is equivalent
to the quader Z'G' of equal base and altitude.

Exan. 71. The square of the altitude of a parallelepiped
is to the area of its base as 121 to 63, and it contains
1,901,592 cubic centimeters. Find its altitude.

Here
aB=1,901,692 and 63a*=12158.
oL 83a® =121 x 1,901,592 = 230,092,632,
a® = 230,092,632 + 63 == 3,652,264.

. a==154 cubic centimeters. Ans.

75. To find the volume of any prism.
Rule: Multiply the altitude of the prism by the areq of

its base.

Formula: V. P=¢25.
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Proof : Tor a three-sided prism this rule follows from 74,
since any three-sided prism is half a parallelepiped of the
same altitude, the basge of the prism being half the base of
this parallelepiped. To show
this, let 4BCaBy he any
three-sided prism. Extend-
ing the planes of its bases,
and through the edges Aa,
Oy, drawing planes parallel to
the sides, By, AB, we have the
parallelepiped .4 BCDafSys,
whose base A BCD is double
the base A BC of the prism.

Wiw. 123; (Eu. 1. 34; Cv. I.105).

Also, this paraﬂelepiped 1t-
self is twice the prism. For,
its two halves, the prisms,are congruent if its sides are all
rectangles. If not, the prisms are symmetrical and equi-
valent. Tor, draw planes perpendicular to Ao at the
points 4 and a. Then the prism ABCaBy is equivalent
to the right prism AZ Moy, because the pyramid
AEBCH is congruent to the pyramid apByp. In the
same way, ADCady equals AL Marp.

But A EManp and AL Morp ave congruent. Therefore,
ABCafy and ADCudy are equivalent, and the parallele-
piped A BCDaByd is double the prism 4 B Cafy.

Thus, the rule is proved true for triangunlar
prisms, and consequently for all prisms; since,
by passing planes through any one lateral edge,
and all the other lateral edges, excepting the
two adjacent, we can divide any prism into a
number of triangular prisms of the same alti-
tude, whose triangular bases together make the given
polygonal base.
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Cor. 1. The volume of any prism equals the product of
a lateral edge by the cross-section normal to it.

Cor. 2. Every parallelepiped is halved by each diagonal
plane.

Cor. 3. Every plane pass- A\
ing through #wo opposite i
corners, halves the paral-
lelepiped.

Cor. 4. The volume of
a truncated parallelepiped
equals half the sum of two
opposite lateral edges multiplied by the cross-section nor-
mal to them.

Exam. 72. The altitude of a prism is 5 meters, and its
base a regular triangle. If, with density 4, it weighs 1836
kilogrammes, find a side of its base.

Its volume is 1836 + 4 = 449 cubic decimeters.
The area of its base = 459 + 50 = 9-18 square decimeters.

By 86, Cor., the square of a side of this regular triangle is

918 + 0-433 = 21-2 square decimeters.

Therefore, a side equals 4-604-+ decimeters. Ams.

76, To find the volume of any cylinder.

Rule: Multiply the ltitude of the cylinder by the area
of s base.

Formula when Base is a Circle: V. C = wr%r.
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Proof : In B8, Second Proof, we saw the cylinder to be
the limit of an inscribed prism when the number of sides
of the prism is increased indefinitely, and
the breadth of each side indefinitely dimin-
ished, the base of the cylinder being conse-
quently the limit of the base of the prism.
But, by 75, always V. P is to B in the con-
stant ratio @ ; hence, by 18, their limits will
be to one another in the same ratio; and

V.C=qab.

Seholiwm. This applies to all solids whose
cross-section does not vary, whatever be the shape of the

cross-section.

Cor. 1. Between any two parallel planes, the volume of
any cylinder equals the product of its axis by the
cross-section normal to it.

Cor. 2. By 58, Cor. 1, the volume of any trun-
cated circular cylinder equals the product of its
axis by the circle normal to it.

Exanm. 73. A gram of mercury, density 13-6, fills a cylin-
der 12 centimeters long; find the diameter of the cylinder.
Volume of cylinder = 12— =-073529+ cubic centimeters.

Area of base of cylinder = r*r =-073529 + 12

. = -00612741% square centimeters.
Therefore 7% = -00612741% + 3-1416 = -001950.

Thas 7 =044 centimeters = -44 millimeters,
and d = 27 = -88 millimeters. Ans.
T7. To find the volume of a cylindric shell.

Rule: Multiply the sum of the inner and outer radii by
their difference, and this product by = times the altitude of
the shell,



THE MEASUREMENT OF VOLUMES. 93

Formula: V.0, —V.Cy=anr (1 + ) (11— 72).

Proof : Since a cylindric shell is the difference between
two circular cylinders of the same altitude, its volume

equals
E ardm —or2w = ax(r® — 2.

Exawm. 74. The thickness of the lead in a pipe weighing
94-09 kilograms is 6 millimeters, the diameter of the open-
ing is 4-8 centimeters; taking = = %2, and density 11, find
the length of the pipe.

Here

7, = 24 centimeters and 7 =3 centimeters.

94,090 = 11im (r, +r,) (1, — 1)
=1112254 %6
~ 2427324
—11784:08;
-7 658,630 = 784-08 1.
", 1 =658,630 -+ 784-08 == 840 centimeters
= 84 meters. Ans.

3(N). PYRAMID AND CONE.

XXXII. The altitude of a pyramid is the normal dis-
tance from its vertex to the plane of its base.

78. Parallel plane sections of a pyramid are similar fig-
ures, and are to each other as the squares of their distances
from the vertex.

Proof : The figures are similar, since their angles are

respectively equal, Ww. 462; (Eu. XT. 10; Cv. V1. 32).
and their sides proportional.

Ww. 279; (Eu. VI 4; Cv. II1. 25).
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By 44, they are to each other as the squares of homolo-
\ gous sides, and hence as the squares
of the normals from the vertex.

Ww. 469; (Bu. XI.17; Cv. VL. 37).

Seholium. This is the reason why
the strength of gravity, light, heat,
magnetism, electricity, and sound, de-
creases as the square of the distance
from the source. :

Image part of the beams from a
Juminous point as a pyramid of light. If a cutting plane
is moved away parallel to itself, the number of units of
area illuminated increases as the square of the distance.
But the number of rays remains unchanged. Therefore,
the number of beams striking a unit of area must decrease
as the square of the distance.

79. Tetrahedra (triangular pyramids) having equiva-
lent bases and equal altitudes are equivalent.

Proof: Divide the equal altitudes ¢ into # equal parts,
and through each point of division pass a plane parallel to
the base. By 78, all the sections in the first tetrahedron
are triangles equivalent to the corresponding sections in
the second.

Beginning with the base of the first tetrahedron, con-

. . a 4 - .
struct on each section as lower base a prism = high with
n

lateral edges parallel to one of the edges of the tetrahe-
dron.

In the second, similarly construct prisms on each section
as upper base. :

Since the first prism-sum is greater than the first tetra-
hedron, and the second prism-sum less than the second
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tetrahedron, therefore the difference of the tetrahedra is
less than the difference of the prism-sums.

But, by 75, each prism in the second tetrahedron is
equivalent to the prism next above it on the first tetrahe-
dron.

So the difference of the prism-sums is simply the lowest
aB

prism of the first series, whose volume, by 75, is =—.
n

As n increases this decreases, and can be made-less than
any assignable quantity by taking = sufficiently great.
Hence the tetrahedra can have no assignable difference;
and, being constants, they cannot have a variable differ-
ence.

Therefore the tetrahedra are equivalent.

Scholoum. This demonstration indicates a method of
proving that any two solids having equivalent bases and
equal altitudes are equivalent, if every two plane sections
at the same distance from the base are equivalent.

80. To find the volume of any pyramid.

Rule: Multiply one-third of its altitude by the area of its
base.

Formula: V.Y =1%aB.
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Proof : Any triangular prism, as ABC-FDE, can be
divided into three tetrahedra, two (B~-DEF and
D~ABC) having the same altitude as the prism, and its
top and bottom respectively as bases, while the third

(BCDF) is seen to have an altitude and base equal to
each of the others in turn by resting the prism first on its
side C& and next on its side 4F. Hence, by 79, these
three tetrahedra are equivalent, and therefore, by 75, the
volume of each is $aB. ‘

The rule thus proved for triangular pyramids is true for
all pyramids, since, by passing planes through
any one lateral edge, and all the other lateral
edges excepting the two adjacent to this one,
we can exhibit any pyramid as a sum of te-
trahedra having the same altitude whose bases
together make the given polygonal base.

Exam. 75. If the altitude of the highest Egyptian pyra-
mid is 188 meters, and a side of its square base 228 meters,
find its volume.

Here V.Y = $138(228)

=46 x 51,984
= 2,391,264 cubic meters. Ans.

8L, To find the volume of any cone.
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Rule: Multiply one-third ils altitude by the area of s
base.

FPormula when Base is a Cirele: V. K = .

Proof : In 60, Second Proof, we saw that the base of a
cone was the limit of the base of the eircum-
scribed or inscribed pyramid, and therefore
the cone.itself the limit of the pyramid.
But, by 80, always the variable pyramid is
to its variable base in the constant ratio
ta.

Therefore, by 13, their limits are to one
another in the same ratio and

V.K=%aB.

Scholium. This applies to all solids determined by an
elastic line stretching from a fixed point to a point de-
scribing any closed plane figure.

Cor. The volume of the solid generated by the revolu-
tion of any triangle about one of its sides as axis is one-
third the product of the triangle’s area into the circumfer-
ence described by its vertex.

V=2%nrA.

Exaum. 76. Find the volume of a conical solid whose al-
titude is 15 meters and base a parabolic segment 8 meters
high from a chord 11 meters long.

By 54, here

V.K=4%15x%3x11
=hx2x11
== 110 cubic meters. Ans.
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Exaum. 77. Required the volume of an elliptic cone,
the major axis of its base being 15-2 meters; the minor
axis, 10 meters; and the altitude, 22 meters.

By 55, here
V.K=227675

=387 T%
=7 278%
= 87545+ cubic meters. Ans.

Exaum. 78. The section of a
right cirvcular cone by a plane
through its vertex, perpendicu-
lar to the base is an equilateral
triangle, each side of which is 12 meters; find the volume
of the cone.

Here

0= VIEFZE - VIR

. $ar’n = V108736
= 391-78 cubic meters. A4mns.

3 (0). PRISMATOID.

XXXIII. If, in each of two parallel planes is construct-
ed a polygon, in the one an m-gon, ¢.g., ABCD; in the
other, an n-gon, e.g., A'B'C"; then, through each side of
one and each vertex of the other polygon a plane may be
passed. )

Thus, starting from the side A5, we get the n planes
ABA' ABB' ABC'; again, with the side BC, the n
planes BCA, BCB' BCC! ete. Using thus all m sides
of the polygon ABCD, we get mn planes. Also, combin-
ing each of the n sides A'B} B'C} C'D' with each of the
m points A4, B, C, D, gives nm planes A'B'A, A'B'B.
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A'B'C, A'B'D; B'C'A, B'C'B, etc.; so that, altogether,
2 mm connecting planes are determined by the two poly-
gons. Among these are m -+ n outer planes, which to-

gether enclose the rest. These outer planes form the sides,
and the given polygons the bases of a solid called a pris-
matord. Our figure is a case of this body when

m=4 and n=3.

The midcross-section ZJ is given to show the seven
sides.

XXXIV. A prismatord is a polyhedron whose bases are
any two polygons in parallel planes, and whose lateral
faces are determined by so joining the vertices of these
bases that each line in order forms a triangle with the pre-
ceding line and one side of either base.

Remark. This definition is more general than XXXTII.,,
and allows dihedral angles to be concave or convex, though
neither base contain a reéntrant angle. Thus, B8 might
have been joined instead of A4’'C
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From the prismatoids thus pertaining to the same two
bases, XXXIIL. chooses the greatest.

(44

XXXV. The altitude of a prismatoid is the normal dis-
tance between the planes of its bases. Passing through
the middle point of the altitude a plane parallel to the
bases gives the midcross-section. Its vertices halve the
lateral edges of the prismatoid. Hence, its perimeter is
half the sum of the basal perimeters. But, if one base
reduces to a straight line, this line must be considered a
digon, ¢.e., counted twice.

XXXVI. In stereometry the prism, pyramid, and pris-
matoid correspond respectively to the parallelogram, tri-
angle, and trapezoid in planimetry.

XXXVIL. Though, in general, the lateral faces of a
prismatoid are triangles, yet if two basal edges which form,



THE MEASUREMENT OF VOLUMES. 101

with the same lateral edge, two sides of two adjoining
faces are parallel, then these two
triangular faces fall in the same
plane, and together form a trape-
zoid.

XXXVIIL A prismord is a pris-
matoid whose bases
have the same num-
ber of sides, and
every corresponding pair parallel.

XXXIX. A frustum of o pyramid is a

prismoid whose two bases are similar.
Cor. Fvery three-sided prismoid is the frustum of a

pyramid.

XL. If both bases of a prismatoid become lines, it is a
tetrahedron. '

XLI. A wedge is a prismatoid whose lower base is a
rectangle, and upper base a line parallel to a basal edge.

82. To find the volume of any prismatoid.

Rule: Add the areas of the two bases and four times the
mideross-section; mulliply this sum by one-siwth the alti-
tude.

Prismoidal Formula: D=+4a(B;+4 M+ By).

Proof - In the midcross-section of the prismatoid take
a point V, which join to the corners of the prismatoid.
These lines determine for each edge of the prismatoid a



102 MENSURATION.

plane triangle, and these triangles divide the prismatoid
into the following parts:

1. A pyramid whose vertex is IV and whose base is B,
the top of the prismatoid. Since the altitude of this pyra-
mid is half that of the prismatoid, therefore, by 80, its vol-
ume is % a B,

2. A pyramid whose vertex is V and whose base is B,
the bottom of the prismatoid. Since the altitude of this
pyramid also is % a, therefore its volume is ¥ al3).
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Tdmhedm like ANFG, each of which can have its
volume expressed in terms of its own part of the midcross-
section. For, let VA and NK be the lines in which the
two sides ANF, ANG of the tetrahedron cut the mid-
cross-section ; and consider the part A VHK of the tetra-
hedron A NFG. This part ANHK is a pyramid whose
base is the triangle NHK, and whose altitude is } a, half
the altitude of the prismatoid. Hence, by 80, the volume
of ANAK is ¥a(NHEK). But, drawing KF, by 79,

ANHE - } ANFE,
and ANFK =} ANFG.
Therefore, ANFG =4ta(NHK).

In like manner, the volume of every such tetrahedron
is 4o times the area of its own plece of the midcross-sec-
tion, and their sum is $a/. Now, combining 1, 2, and' 3,
which together make up the whole volume of the prisma-
toid, we find

D=%}aB,+}aB, + taM =}a(B, -+ 4 M + B)).

Exanm. 79. Given the plan of an embankment cut per-
pendicularly by the plane AETD, its top the pentagon
EFGHI, its bottom the

trapezoid ABCD, with & - Pd

the following measure- 7J o
ments: For the lower if§j-- l @
base, AB =90 meters, 5 F
CD =110 meters, AD L &

; \/\ /
= 65 meters; for the j:

upper base E’F = 70 - B
meters, £1 = 30 meters, MF = MH == MG =15 meters;
the breadth of the scarp A7 ==20 meters, DI =15 meters;

the altitude of the embankment ¢ = 15 meters. Find its
volume.
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Here, for the midcross-section we get

7S =80 meters,
LR = 875 meters,
NP =90 meters,
TL =75 meters,
LI =325 meters,
IN =175 1meters.

Thus the areas are

B, = 6500 square meters,
B,=2325 square meters,
M = 43375 square meters,

and for the whole volume we get

D) = 65,4375 cubic meters. Amns.

Nore. In a prismoid the midcross-section has always the same
angles and the same number of sides as each base, every side being
half the sum of the two corresponding basal edges. The rectangular
prismoid has its top and bottom rectangles; hence, by 32, its volume

s

D=}a(R+4R +R)
~lafwb, + 4%% % 711;;&2 +wp)

=bta(2wb, + wb, +wbd, + 2wd,).

Cor. 1f a prism has trapezoids for
bases, its volume equals half the sum

of its two parallel side-faces multiplied by. their normal
digtance apart.

83. To find the volume of a frustum of a pyramid.

Rule: 7o the areas of the two ends of the frustum add the
square root of thew product; multiply this swm by one-third

the altitude.
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DProof - If w; and w, are two corresponding sides of the

bases B; and B,, then a side of the midsection is wl—_lz—w—z

¢

Since in a frustum B, B,, and M are similar, by 44, we
have
:LU%EZ::\/—BZ:\/M,

and wfw::vl??:\/ﬂ;

whence wl+w2:%%ﬂ2::v3,+\/§,,:\/ﬂ[
Hence 2V M =VB, + VB,

and 4M =B, +2VBDB,+ B,

Substituting this in 82 gives

V.F =%4a(2B,+2VB,B,+ 2B,
Cor. By 44,

Substituting this for B, gives

V.F=1aB, (1 N ?j)
w, o w

1
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Exam. 80. The area of the top of a frustum is 160
square meters; of the bottom, 250 square meters; and its
altitude is 24 meters. Find its volume.

He
ore V. F = 8(250 - 200 +- 160)

= 4880 cubic meters. Amns.

If, instead of the top, we are given wy:wy::5: 4, then,

by our Corollary,
Y 7 V. F=2000(1+ 448

= 4880.cubic meters. Ans.

84, To find the volume of a frustum of any cone.

Rule: 70 the areas of the two ends add
the square root of their product;
multiply this sum by one-third the
altitude.

Formula for Oircular Cone:
V. F=tar(ri+ ryy+rd).

Proof: As in 81, so the frustum of a cone is the limit of
the frustum of a pyramid.

Exam. 81. The radius of one end is 5 meters; of the

other, 3 meters; the altitude, 8 meters. Find the volume.

Here
V.F=1%8(25+4+15+9)81416

=410-5024 cubic meters. Ans.

85. To find the volume of any solid bounded terminally
by two parallel planes, and laterally by a surface generated
by the motion of a straight line always intersecting the
planes, and returning finally to its initial position.
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Rule: Add the areas of the two ends to four times the
midsection ; multiply this sum by one-sixth the altitude.

Prismoidal Formula: D=4%a(B,+4 M+ 1y).

Proof : Join neighboring points in the top perimeter of
such a solid to form a polygon, likewise in the perimeter
of the bottom. Take the two polygons so formed as bases

of a prismatoid. Then when the number of basal edges
is indefinitely increased, each edge decreasing indefinitely
in length, as thus its bases approach to coincidence with
the bases of the solid, the sides of the prismatoid approach
the ruled surface, and its volume and midsection approach
the volume and midsection of the solid as limit. But
always the variable volume is to the variable sum
(B, +4 M+ B,) in the constant ratio +a. Therefore, by
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13, their limits will be to one another in the same ratio;
and D-}a(B,+4M+B)

for the prismoidal solid.

Exawm. 82. The radius of the minimum circle in a hyper-
boloid is 1 meter. Find the volume contained between
this circle of the gorge and a circle 8 meters below it whose
radius is 2 meters.

Solution : The hyperboloid of revolution of one nappe
is a ruled surface generated by the rotation of a straight
line about an axis not in the same
\ plane with it. All points of the
generatrix describe parallel circles
' whose centers are in the axis. The
shortest radius, a perpendicular both to axis and genera-
trix, describes the circle of the gorge, which is a plane of
symmetry. Hence, taking this circle as midsection, and
for altitude twice the distance to the base below it, the
Prismoidal Formula gives twice the volume . sought in
Exam. 82.

2V=D=3%6[2r +4(1f°r + 2°x] = 12m.
Therefore, V = 6« cubic meters. Amns.

86. To find the volume of any wedge.

Rule: 70 twice the length of the base add the opposite
edge; multiply the sum by the width of the base, and this
product by one-sizth the altitude of the wedge.

Formula: W =1%aw(25,+ b,).

Proof : Since the upper base of a wedge is a line, so, by
the Prismoidal Formula,
W=1ba(B, +410).
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Therefore, by 82,

W =4al wh +/Lélil—)2><£ == Law (b, + b, +Db,).
1 9 9 1 1 2.

&

Cor. 1. If the length of edge equals the length of base;
b b, =b, then W=1}awb,

the simplest form of wedge. M

or. 2. The volume of any / \/ /
truncated triangular prism £
is equal to the product of its
right section by one-third / % \ / /

the sum of its lateral edges. / \/

Exam. 83. Find the volume of a wedge, of which the
length of the base is 70 meters; the width, 30 meters; the
length of the edge, 110 meters; and the altitude, 24-8
meters.

Here W= (140 - 110)2x28

= (140 4-110) 10 x 12-4
= 2500 x 124
= 381,000 cubic meters. Ans.

87. To find the volume of any tetrahedron.
Rule: Multiply double the area of a parallelogram whose
vertices bisect any four edges by one-thurd

the perpendicular to both the other edges.

Formula: X=%all

Proof : When, the bases being lines,

B =B,=0, then D=X=t}a4M =30l
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Since M bisects the line perpendicular to the two basal
edges, it bisects the four lateral edges; and is a parallelo-
gram.

Exawm. 84. The line perpendicular to both basal edges
of a tetrahedron is 27 long; the length of the top edge is
27, and of the bottom edge, 277. The midsection is a rec-
tangle. Find the volume of the tetrahedron.

Here a=2r, and M=rr.
Therefore, X =4m? Ans.

§(P). SPHERE,

88. To find the volume of a sphere.
Rule: Multiply the cube of its radius by 4-1888—,
Formula: V. H=4%4as%

Proof : Any sphere is equal in volume to a tetrahedron
whose midsection 1s equivalent to a great circle of the
sphere, and whose altitude equals a diameter.

( 4

Let the diameter DC' be normal to the great circle 48
at C. Let @ be the point in which the midsection L.V
bisects the altitude JA at right angles. In both solids
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take any height C7 = @R, and through the points 7 and
R the sections PS parallel to 4B, and O parallel to L V.
Then, in the sphere, by 47,

OAB: OPS:: AC?: PI*
or, by Ww. 289; (Eu. VI. 8, Cor.; Cv. IIL 44),
OAB:OPS:: ACT: TIXID . . . . . (L)

In the tetrahedron, by Ww. 279 & 469; (Fu. VI. 4, &
XI.17; Cv. IV. 25, & VL. 37),

LU:MW::EL: EM::JQ :JR;
LV:MZ ::GL:GM :: KQ: KR;

and since, by Ww. 815; (Eu. VI. 23; COv. IV. 5),

LN :OMO:: LUX LV : MW X MZ,
therefore, [LN:[OMO:: JQ XQK: JR X RK . . @

But now, by hypothesis and construction, in proportions
(1) and (2), the first, third, and fourth terms are respec-
tively equal, therefore

OPS=[IMO;

and since these are corresponding sections at any height,
therefore, by Scholium to 79, the sphere and tetrahedron
are equal in volume.
Thus, by 87,
V. H=X=%aM =232 = £mr,

Exam. 85. If, in making a model of the tetrahedron
LFQH, we wish the midsection LV to be a square, and
the four lateral edges equal, find in terms of radius their
length and that of the two basal edges.

By hypothesis,

square LN =¢*m; . LU= rVm.
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But GH=2LU =27,
and EF =2LV =2LU=2rVr.

For any one of the equal lateral edges,

B —GR + KRB =GR + R +JE =LU0 +DT* + ILT".
- —— . ™ YA
. EG =Vin 4t 4 ='\/4r2<1 + 5) =2\l + 5

So it is not a regular tetrahedron.

89. To find the volume of any spherical segment.

Rule: 7b three limes the sum of the squared radu of the
two ends add the squared altitude; multiply this sum by
the altitude, and the product by -5236 —.

Formula: V. G=4%ar[3(2+rd) + *].

Proof: In 88, we proved any spherical segment equal in
volume to a prismoid of
equivalent bases and alti-

tude. Therefore, by 82,
V.G =%a(rdr + 4r2m + rlr).

To eliminate 75 call = the
distance from center of
gphere to bottom of seg-
ment, and # the radius of
sphere; then, by Eu. II. 10,

(@ +2)P+2°=2 (g)ﬂ 2 (‘é + x)%

Doubling and subtracting both members from 477 gives

272 — 2 (o + @) + 27"2—23}’:472—4(% + w>2—a“’,
or, by 2, 2r2 + 212 + a® =4rl

Substituting, V.G =34ax (372 + 372 + ).
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Cor. In a segment of one base, since 7, = 0, we have
V.G=*%am (372 + o¥).
But now, by Ww. 289; (Eu. VI. 8, Cor.; Cv. 1II. 44),

r?=a(2r—a).

Substituting,

V.G =}an[3a(2r —a) + @] = fan(Bar — 3a® + a¥) = &*n (r — % a).

Exam: 86. If the axis of a cylinder passes through the
center of a sphere, the sphere-ring so formed is equal in
volume to a sphere of the same altitude.

For, since the bases of a middle segment are equidistant

from the center, V. G =4an (8724 a?)
= amr? + ¥ 7wl

But, by 76, the volume of the cylinder cut out of the
segment 1s arm, and the remaining ring $wa® is, by 88,
the volume of a sphere of diameter a.

XTLII. When a semicircle revolves about its diameter,
the solid generated by any sector of the semicircle is called
a spherical sector.

90. To find the volume of any spherical sector.

Rule: Multiply its zone by one-third
the radius.

Formula: V.S = %war’

Proof : If one radius of the gene-
rating sector coincides with the axis
of revolution, the spherical sector is
the sum of a spherical segment of one
base and a cone on same base, with vertex at center of
sphere.
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By 89, Cor, V.G=dn(r-%a).
By 81, V.K=3(r—arir;

or, substituting for rf’, its value used in 89, Cor.,
V.X=30r—a)a@r—a)m =37 (2% —3ra® + a?).
Adding, we have
V.8=V.G+V.K=2arr

Any other spherical sector is the difference of two such
sectors.

V.8=V.8, - V.8, =%rna, — $r'na, = {rn (e, — a,).

But a.

the altitude of §’s zone, whose area, by 65,1s 27ra. Thus,
for every spherical sector the volume is zone by 7.

Cor. If 7, and 7, are the radii of the bases of the zone, its

altitude, S
a=Vrt—r2— Vit

Exawm. 87. Find the diameter of a sphere of which a
sector contains 7-:854 cubic meters when its zone is 0-6
meters high.

V.8 =267 =047 = 17854
Dividing by = = 8-14186,
04r=25. .. 47°=25.
oo 27 =15 meters. Ans.

XLIII. A spherical ungule is a part of a globe bounded
by a lune and two great semicircles.

91. To find the volume of a spherical ungula.
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Rule: Multiply the area of its lune by one-third the ra-
dius.

Formula: % =3%7%.

Proof :
By 69, v:V.H:: L: H
o0 rgrd e 20% 4t
D= 27%.

Cor, On equal spheres, ungulae are as their angles.

92. To find the volume of a spherical pyramid.

Rule: Multiply the area of tts base by one-third the ra-
dius.

Tormula: ¥ = }+%.

Proof :
By 69, Vv NI
. I’; 4 vt
Y =11

2(Q). THEOREM OF PAPPUS.

93. If a plane figure, lying wholly on the same side of a
line in its own plane, revolves about that line, the volume
of the solid thus generated is equal to the product of the
revolving area by the length of the path described by its
center of mass.

Seholium. As for 66, so we give under 94, by a single
representative case, the general demonstration for all fig-
ures having an axis of symmetry parallel to the axis of
revolution.
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Exanm. 88. Tind the distance of the cenber of mass of a
semicircle from the center of the circle.

By 88, V. I;I = $mrd,
By 93, V. H = }r’r 20
Equating, we get 48 = pinp,
s =, 4
r

94. To find the volume of a ring.
Rule: Multiply the gemerating ares by the path of its

center.

Formula for Ellipse: V. O =2x%br.

Proof : Conceive any ellipse to revolve about an exterior
axis parallel to one of its axes. Divide the axis of symme-
try A& into n equal parts, as

AV =VT=z¢

and from these points of division drop perpendiculars on
the axis of revolution PO. Join the points where these
perpendiculars cut the ellipse by chords /D, DA, AG,
G H, ete.

The volume generated by one of the trapezoids thus
formed, as DG@HF, is the difference between the frustums
generated by the right-angled trapezoids QDF'W and
QGHW. Therefore, by 84,

V.by DGHF
=1 (FW*+FW, DQ+D Q) —}er (HW+HW, GQ+G QY
=3zr[(00 + FT)* + (CO + FT)(CO +DV) + (CO + DV)?
—(CO—FTyP—(CO-FT)(CO—DV)—(CO-D V)]
=312m(6C0, FT +6C0, DV)
=2m, CO, 2(FT+DV)

9 FH-+D@G
=2z ——.
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Thus, by 40, the volume generated by the polygon
HGADEF, ete., equals its area multiplied by the path of
the center. But, as we increase m, and thus decrease z
indefinitely, as shown in 55, the area of the polygon ap-

4 P
14 ;
o/ N
T H
C [0

E

proaches the area of the ellipse as its limit. But always
the variable volume is to the variable area in the constant
ratio 2 ; therefore, by 13, their limits will be to one an-
other in the same ratio; and

V. O =2nrabr.

Exanm. 89. Tind the volume of the ring swept out by an
ellipse whose axes are 8 and 16 meters, revolving round an
axis in its own plane, and 10 meters from its center,

Here V.0—4x8%10%2s2
= 640 =*
= 6316+5 cubic meters. Ans.
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§ (R). SIMILAR SOLIDS.

XLIV. Similar polyhedrons are those bounded by the
same number of faces respectively similar and similarly
placed, and which have their solid angles congruent.

95, Given the volume and one line in a solid, and the
homologous line in a similar solid, to find its volume.

Rule: Multiply the given volume by the cubed ratio of
homologous lines.

Vaa®

as’

Formula: V)=

Proof : The volumes of two similar solids are as the
cubes of any two corresponding dimensions.

Ww. 590; (Eu. XI. 33; Cv. VII 73).
Thus, for the sphere, by 88,

I 4 .3 .3
H, _ gmrd o

AT s
I, 4wr) )

|

e

Note. If a tetrahedron is cut by a plane parallel to one of its
faces, the tetrahedron cut off is similar to the first. If a cone be cut
by a plane parallel to its base, the whole cone and the cone cut off
are similar.
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Exau. 90. The edge of a cube is 1 meter; find the edge
of a cube of double the volume.

The cube of the required number is to the cube of 1
as 2 18 to 1; or,

2 =v2=125992+, Ans.

Thus a cube, with its edge 1-26 meters, is more than
double a cube with edge 1 meter.

Exam. 91. The three edges of a quader are as 3, 4, 7,
and the volume is 777,924 ; find the edges.

By 72, the volume of the quader, whose edges are 3,4, 7,
is 84; then 84177792411 39: 250,047,

/250,047 = 63 ;

and 3:4::63: 84,
3:7::63:127.
Therefore, the edges are 63, 84, 127. Amns.

3(8). IRREGULAR SOLIDS.

96. Any small solid may be
estimated by placing it in a vessel
of convenient shape, such as a
quader or a cylinder, and pouring
in a liquid until the solid is quite
covered ; then noting the level,
removing the solid, and again
noting the level at which the li-
quid stands. The volume of the
solid is equal to the volume of the vessel between the two
levels.
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97. 1If the solid is homogeneous, weigh it.  Also weigh a
cubic centimeter of the same substance. Divide the weight
of the solid by the weight of the cubic centimeter. The
quotient will be the number of cubic centimeters in the
solid.

TFrom 73, we have the

Formula: Ve = %{i

Exam. 92. A ball 5 centimeters in diameter weighs
431-97 grams. An irregular solid of the same substance
Weighs‘ 13-2 grams; find its volume.

The volume of the ball is

5% % 0-5236 = 65-45.
oo 43197 + 65:45 = 6-6 grams,

the weight of a cubic centimeter.

. 182+ 6:6 = 2 cubic centimeters. Ans.

98, To find the volume of any irregular polyhedron.

Rule: Cut the polyhedron into prismatords by passing
parallel planes through oll dts summits.

Formula for » consecutive prismatoids:
T =4 [29( By — By) + a3( By — By) + ete.
’I_ T (Bn—l - —B'n+1) + Tp41 (Bn + 'B"Ilr'-l)J
A+ & (2o My + (25 — 29) My (24 — 25) Mz + et
+ (mn+1 - xn)Mb]

Notg. w,is the distance of B, from By, and w, is the distance of
B, from B, etc.

Proof : This formula is obtained directly by the method
of 41.



CHAPTER VI
Targ APPLICABILITY OF THE PRISMOIDAL FORMULA.

99. To find whether the volume of any solid is deter-
mined by the Prismoidal Formula.

Rule: The Prismoidal Formule applies exactly to ALL
SOLIDS contained between two parallel planes, OF WHICH
the area of any section parallel to these planes can be cx-
pressed by a rational integral algebraic function, of o degree
not higher than the third, of its distance “rom either of these
bounding planes or bases.

Test: A; = g+ ma + na® + faf.

Note. A4,is the area of any section of the solid at the distance
from one of its ends. The coefficients ¢, m, n, f, are constant for the
same solid, but may be either positive or negative; or any one, two,
or three of them may be zero. :

Proof : Measuring z on a line normal to which the sec-
tions are made, let ¢ (z) be the area of the section at the
distance # from the origin.

The problem then is, What function ¢ will fulfil the con-
ditions of the Prismoidal Formula ?

For any linear unit, the segment, between ¢ (0) and ¢ (4)
is the sum of the segments between ¢ (0) and ¢ (2) and be-
tween ¢ (2) and ¢(4). Therefore, if ¢ is such a function
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as to fulfil the requirements of the Prismoidal Formula, we

have identically

Fo(0)+49(2)+9(4)]=2[9p(0) +49 (1) + o (2)]+2[#(2) +49(3) + 9 (H)].
S 9(0)—49 (1) +6¢(2)~49(3) +0(4)=0.

But for ¢ (@) = ¢ +ma + na® + fi® 4 gt
p(e)—49(1) +69(2) —49(3) +¢(4)
becomes + q

—4qg— dm— 4dn— 4f— 4g
+6¢g+12m +24n + 48f+ 98¢
—4¢—12m —36n—108f— 324¢
+ g+ 4m+16n+ 64f+256¢

o o0 o0 0 + 249

So the conditions are satisfied only by functions which
have no fourth and higher powers. Hence ¢ () must be
an algebraic expression of positive integral powers not ex-
ceeding the third degree.

Thus, in general, the cubic equation

Ay = q + maz + na® + fa?

expresses the law of variation in magnitude of the plane
generatrix of prismoidal spaces; 7.e., solids to which the
Prismoidal Formula universally applies.

Cor. 1. Since for prismoidal solids

¢ (@) = n, + n, @ + nya? + nga®

therefore, $(0) +49(ha) + ¢(a)=
n()
+4n, + 2an, + o*n, +§an,

2 3
4+ mny -+ oan + an, +  a'ng

— £ 2, 3 3
=6mn, + 3an, + 2a’n, + $a’n,
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Thus, D=%a(B,+4M+ B)
=%alp(0) +4¢(ia) + ¢ (a)]

= an, + Fa*n, + $aPn, + Fang
Cor. 2. Of any solid whose
Ap=0(x) =ny + 0@+ nya® 4+ 0,2 + ngat £ 4 npam,.

the volume is

1.2 143 1 44 L adPn, 4 eeene
an, + g &Ny + F AN, + § a*ng + 5 e, + +

For the volume of the prism whose base is the cross-sec-
tion ¢ (), and whose altitude is the nth part of the altitude

of the whole solid, is Z¢ ().
n
The limit of the sum of all the prisms of like height

ool o)

when 7 becomes indefinitely great, is the volume of the
whole solid.

But T2 e 4 (a1 1

when 7 =oo.
nr+l r+

§ (T). PRISMOIDAL SOLIDS OF REVOLUTION.

The general expression
Ay =q + mz + na® + fa?,

has as many possible varieties as there are combinations
of four things taken one, two, three, and four together;
that is, 28 — 1, or 15 varieties.

Corresponding to each of these there will be at least one
solid of revolution generated by the curve whose equation
is, in the general case,

my? = ¢ + mx + na® + fo.

For, if % be the revolving ordinate of any point in the
curve, then m? is the area of the section at distance x from
one end of the solid.
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XLV. EXAMINATION OF THE DIFFERENT CASES.

(1) Let my®=g¢; .. v is constant, and the solid is a circu-
lar cylinder.

@) Let my’=mx; .. 9 2, and
the solid is a paraboloid of
revolution; for, in a para-
bola, the square of the ordi-
nate varies as the abscissa.

(3) Let wy?=mna*; .. y  z, and
the solid is a right
circular cone.

@ Let my?=fo®; . 42 c 2® and the solid is a
semicubic paraboloid of revolution. /

() Let mp2=q-+ma; ... * « (h+2z) where £
is constant, and the solid is a frustum of a parabo-
loid of revolution, % being the height of the seg-
ment cut off.

(8) Let wy?= g+ na®; supposing ¢ and n positive, this is
the equation to a hyperbola, the conjugate axis being
the axis of #, and the center the origin. Hence, the
solid is a hyperboloid of one nappe.

(") Let wy* =g+ /2% In this case, the solid is generated

by the revolution of a curve, somewhat similar

in form to the semicubic pa-
rabola, round a line parallel

to the axis of z, and at a

constant distance from it.

(8) Let my?=mz+na®. In this case,
the solid may be a sphere, a
prolate spheroid, an oblate sphe-
roid, a hyperboloid of revolution, or its conjugate
hyperboloid.
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) Let wy®= g+ ma+na®. In this case, the solid will
be a_frustum of a circu-
lar cone, or of the sphere,
spheroids, or hyperbo-
loids of revolution, made
by planes normal to the
axis. In the frustum of
the cone ¢, m, and n are
all positive. The other
solids in (8) and (9) are
distinguished by the val-
ues and signs of the constants m and .

(10) Let =y® = ¢ -+ ma 4 na® -+ fz®.  In this case, the solid
18 a frustum of a semicubic paraboloid of revolu-
tion. TFor, if 2 be the distance of the section from
the smaller end of the frustum, and % the height
of the segment cut off, .. 3% < (A+2)% .. wyfs
of the form g -+ max 4 na? 4 fa?,

(11) Let w2 = ma + fa.

(12) Let oy = na® 4 fa®.

13) Let wy? = ¢ + ma + fa.

(149) Let wy? = ¢ + na® + fa2.

@15) Let wy? = ma ++ na® 4 fas.

Exam. 93. Since, for an oblate spheroid,
B =0, B,=0, 4M=4ma? and h=25,

therefore its volume

T
o= 4ma?b. - l\
Similarly, the volume of a /
prolate spheroid \M/
s
0 = 4 mab

Thus each is, like the sphere, two-thirds of the circum-
seribed cylinder.
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Exam. 94. The volume of the solid generated by the
revolution round the conjugate axis of an arc of a hyper-
bola, cut off by a chord = and Il to the conjugate axis, is
twice the spheroid generated by the revolution of the
ellipse which has the same axes.

Making the conjugate the axis of z,

B, is the value of my® when z=25; o B =2md
B, is the value of my* when x=-—b; .. B,=2md
M is the value of my® when x=0; S 4 M = 4mal,

Since the conjugate axis is the height of the solid,

oo h=20.
Hence its volume x="3%wa’h. Ans.

Txanm. 95. To find the volume of a paraboloid of revo-
lution. Let % be its height, that is, the length of the axis,
7 the radius of its base, and p the parameter of the gene-
rating parabola, 4 = pw.

Then 3

. B,=0, B,=m?®=mph, 4M:4wp—§:27rph.

=t wpht. Ans.

Cor. Since 1= ph, .. {=}mphh=}mrih,

or a paraboloid is half its circumscribing cylinder.

Exam. 96. To find the volume of any frustum of a
paraboloid contained between two planes normal to the
axis.

k. = %th: - i].f”})h12: :}’h‘p(h:— h12) = 5’”}7(7% + ]]’1) (kz - h1)
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But r2 = ph,

1

and 7t = phy,
1
byt by :1’5(7412 +157)5
and hy—h =a,
the altitude of the frustum.
L Fo=43% wpl (rf+rda
p

=ima(ri+rl). Ans.

§ (U). PRISMOIDAL SOLIDS NOT OF REVOLUTION.

Let us now consider the same fifteen possible varieties
when A4, is not of the form /2

@) Let 4,=¢. In this case all the transverse sections
are constant. This is the property of all prisms and
cylinders; also, of all solids uniformly twisted, e.g.,
the square-threaded screw.

() Let A,=mz. This is a property of the elliptic para-
boloid, or the solid generated by the motion of a
variable ellipse whose axes are the double ordinates
of two parabolas which have a common axis and a
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common vertex, the plane of the ellipse being always
normal to this axis; for, in this solid, the area of the
section at distance z from the vertex will be =yy!
where % and y' are the ordinates of the two parabo-
lag, and since both 2% and ¥" vary as z, .. =yy'
varies as 2. '

@ Let A,=mn2? Thisis a property of all pyramids and
cones, whatever may be their
buses.

4 Let A,=/f«* The solid will be
an elliptic semicubic paraboloid.
Substitute semicubic for common
parabolas in (2).

() Let A,=¢q+ma. This is a prop-
erty of a frustum of an elliptic
paraboloid.

®) Let A,= g+ na®. This is a property of a groin, a -
simple case of which is the square groin seen in the
vaults of large buildings.

This solid may be generated by a variable square,
which moves parallel to itself, with the midpoints of
two opposite sides always in a semicircumference,
the plane of which is perpendicular to that of the
square.

If yis a side of the square when at a distance x
from the centre; .. 9> =4(?—2a?).

(D Let A,=ma+na®. This is a property of the ellip-
soid, and of the elliptic hyperboloid.

(® Let A,=g-+ma+na®. This is a property of a pris-
moid, and of any frustum of a pyramid or cone,
whatever may be the base; also, of any frustum of
an ellipsoid, or elliptic hyperboloid made by planes
perpendicular to the axis of the hyperboloid, or to
any one of the three axes of the ellipsoid.
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Exanm. 97. To find the volume of an ellipsoid. Let «, b,
¢ be the three semi-axes, o the greatest;

. h=2a, B =0, B,=0, 4M=4nbe.

g =4%mabe. Ans.

§ (V). ELIMINATION OF ONE BASE,

For all solids whose section is a function of degree not
higher than the second, or

Ay = q + mz + nat,

¢, m, n, and consequently A4,, for all values of z, are deter-
mined if the value of A4, for three values of z is known.
Measuring « from B, we have

A,= B, =q.

Suppdsing we know the section at L the height of the
z

solid above B;, we have for determining m and n the two
equations,
B, = B, + ma + na?,
a a?
Az = B, + Mmooy

Hence
’ 2#4e —(2*-1)B, — B,
- (z—1)a ’
2B, +2(z—1)B,— 22 A2
B (z—1)a? ’

For the volume of the solid we have

V = B,a + Ima® + {nad,

a ‘ 2 Aa
or V= 6@1‘5[(22_ 3)B2 —(2 _1) (z - 3>B1 +2 Az]
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For z =38, this gives

V= %(BZ +84a).
Again, for z=1},

V= %(Bl +3A43,).

These give the following theorem :

100. To find the volume of a prismatoid, or of any solid
whose section gives a quadratic:

Rule: Multiply one fourth its altitude by the sum of one
base and three times a section distant from that base two-
thirds the altitude.

Cor. If B, reduces to an edge or a point,

V=4%adg



CHAPTER VII.
APPROXIMATION TO ALL SURFACES AND SOLIDS.

§ (W). WEDDLE’S METHOD.

101. To find the content between the first and seventh
of equidistant sections:

Weddle's Rule: 70 five times the sum of the even scctions
add the middle section, and all the odd sections; multiply
this sum by three-tenths of the common distance between
the sections.

Formula: é=35A[5(yatvatve) Fyat ottt

Proof : 1f we take the origin midway between the ends
(of the solid or plane figure), and suppose every section ¥
perpendicular to the axis expressible as an algebraic fune-
tion of positive integer powers of x not exceeding the sev-

" enth degree, then for every

y=¢(x)=A+ By + €® + Da® + Eat + Fid + Gaf + H,
we must have a

yl=¢(—x)=A— Bz 4 C1* — Da® + Eat — TP + Ga® — Hi7.
Sy Y= 2(A 4 G+ Bt (aF).
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Therefore the whole content of the figure is

m =0 n§m 62 A+ 32002 » + 34Fnt L + 36GnS E),
nel m m? mt mé
which equals

6h(A + 3 CR2 + SLERS + 139GH0).

Now Weddle’s Rule gives for the same figure

5(y, +y)= 10(4d+ 40R+ 16ER + G4GTS)
6y, = 64

Y+ Y = 2(4 -+ 9CK* + S81ER* + T29GHS)

Ys+ Y5 = 24+ CR+  Ert+ G1S)

o € = $h[204 + 600K + 324 ER* + 2100 G0
o E= Gh(A+ 308+ ALEM + 135GH0),

Therefore the value given by our formula is in excess by
the quantity 385G,

Therefore the error in the last term is

'6_7?;%77 — 85— 00082+, -
or the error is less than % of the last term.

Hence the error in the whole quantity will be very much
smaller than this, since the most important terms in the
expression for y are the earlier terms.

Change of origin does not change the degree of an equa-
tion; hence, we have demonstrated that by means of
Weddle's Rule we can find exactly the contents of any sur-
face or solid in which the sections may be expressed by a
rational integral algebraic function, of a degree not higher
than the fifth, of its distance from either end; and wvery
approximately when the expression is of the sixth or seventh
degree.

Cor. Suppose there are (6n+ 1) equidistant sections

Yo Yo Yo Yo o y Yen+1,
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- 9 and Yg,.1 being the extreme or bounding sections; and
let /4 be their common distance; then, :

§= T%h [zyodd +5 2?/even + 2:‘7/evely third]v

observing not to take either of the two extreme sections
twice; that is, begin Sy every third with », and end it
with %g,_s.

Exam. 98. Between v and vy

=3kt vs-Fys + v +ve +yut vis+ s+ yu Yt
-+ 5(y2+ Y +% ‘lf?/s + 3’10+ Y12 + Y14 -+ Yis -+ yls)+
-+ Y+ yr + Yo+ Y5+ ?/16]-

ExaMm. 99. Find the volume of the middle frustum of a
parabolic spindle.

A spindle is a solid generated by the revolution of an
arc of a curve round its chord, if the curve is symmetric
about the perpendicufar bisector of the chord. Hence a
parabolic spindle is generated by the revolution of an arc of
a parabola round a chord perpendicular to the axis.

Let the altitude of the middle frustum be divided into
six parts each equal to %, and let A, Ao, A4;, Ay, A5 Ae, 4y
be the areas of the sections.

Taking origin at center and » the longest radius, or
radius of mid-section, by the equation to a parabola, we
have for any point on the curve

2 =a(r —y).
o2

DN VIES A
y -

2 4

x
L= P29 T
¢ o

will be the area of the section at the distance 2 from C,
and this being a rational integral function of z of the
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Sfourth degree, Weddle's Rule will determine the volume
exactly.

Now, if 7, 1s the shortest radius, or radius of the two
bases, we have

A‘l A’I 1
4 N2 4
Ay A= 2000 1O,
\ @ «
2 2 4
A,=4,= 7(7’2; 21]i +ﬁ§> ;
[ a

Therefore, by 101,

2 4 2 74
gbxf%h[}ﬂ'(&ﬂ——l(ﬂzb_ 4 33%) oyt 2w, 2'n’<¢2~ 27’&14_1’&_)]
a I7 a

a?

But Ghr=a(r—r); o 10_r=n
a 9

P
Y= 7L7—T[327‘2 + 167r, + 1272,
Sy =2 A (81 4 dor 302, Ans.

Making 7 =0, gives for the volume of the entire spindle,
L8 Jurr®,

But 6 Z® is the volume of the circum-
seribing cylinder ; hence volume of spin-
dle is & circumseribing cylinder. The
middle frustum of a parabolic spindle is
a very close approximation to the general
form of a cask, and hence is used in cask-gauging.

Bxaum. 100. The interior length of a cask is 80 decime-
ters; the bung diameter, 24 decimeters; and the head di-
ameters, 18 decimeters. Find the capacity of the cask.

Here

" k== (2304 + 864 + 486) = 7 x 3654, Ans.



APPROXIMATION TO ALL SURFACES AND SOLIDS. 1385

Exam. 101. The two radii which form a diameter of a
circle are bisected, and ordinates are raised at the points
of bisection. Find approximately the area of that portion
of the circle between them.

Here
6h=r=y,

EREOR Ay : ; 3

Yo=Yo= V= BhP = Vrt—(Jrf = A\ -ir = 3\/5
S RRERAT - ; 3

Yo=Yo= VI — QAP =V — (L) = \JJ§T2 B §\f3

— 5 f37 .
Yo Yp= VI == (= o\ = V3,

Hence, by 101,

3orl (2r
fzﬂjxai:’)(g\/é+r>+r+ﬂ/§+§\/ﬁjl.

7% ) N -
f= [ 10VE 464 VB VB |~ 218 20vE 4 0vE + VAR

. E=1"x 0956608, Ans.

But the exact area is the difference between a semicircle
and the segment whose height is half the radius. Taking

m=31415927 and V3 =1-7320508

gives for this area +% X 0-956612, so that our approxima-
tion is true to five places of decimals. In all approximate
applications, it 1s desirable to avoid great differences be-
tween consecutive ordinates; applied to a quadrant of a
circle, Weddle's Rule leads to a result correct to only two
places of decimals.



CHAPTER VIIIL

MAass-CENTER.

102, The point whose distances from three planes ab
right angles to one another are respectively equal to the
mean distances of any group of points from these planes,
is at a distance from any plane whatever equal to the
mean distance of the group from the same plane.

103. The mass-center of a system of equal material
points is the point whose distance is equal to their average
distance from any plane whatever.

104. A solid is homogeneous when any two parts of
equal volume are exactly of the same mass. The determi-
nation of the mass-center of a homogeneous body is, there-
fore, a purely geometrical question. Again, in a very thin
sheet of uniform thickness, the masses of any two portions
are proportional to the areas. In a very thin wire of uni-
form thickness, the masses of different portions will be
proportional to their lengths. Hence we may find the
mass-center of a surface or of a line.

SYMMETRY.

1056, Two points are symmetric when at equal distances
on opposite sides of a fixed point, line, or plane.

106, If a body have a plane of symmetry, the mass-cen-
ter #( lies in that plane. Every particle on one side cor-
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responds to an equal particle on the other. Hence the #C
of every pair is in the plane, and therefore also the #C of
the whole.

107, If a body have two planes of symmetry, the #C lies
in their line of intersection; and if it have three planes of
gymmetry intersecting in two lines, the #C' is at the point
where the lines cut one another.

108. If a body have an axis of symmetry, the #C' is in
that line.

109. If a body have a center of symmetry, it is the #C.
110. The #C' of a straight line is its midpoint.

111. The #C of the circumference or area of a circle 1s
the center.

112, The #C' of the perimeter or area of a parallelo-
gram s the intersection of the diagonals.

118, The #C of the volume or surface of a sphere is the
center.

114. The #C of a right circular cylinder is the midpoint
of its axis.

115, The #C of a parallelepiped is the intersection of
two diagonals.

116. The #( of a regular figure coincides with the #C of
its perimeter, and the #C of its angular points.

117, The #C of a trapezoid lies on the line joining the
midpoints of the parallel sides.
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118. Since in any triangle each medial bisects every line
drawn parallel to its own base, therefore the #C of any tri-
angle is the intersection of its medials. By similar triangles,
this point lies on each medial two-thirds its length from its
vertex, and so coincides with the #C of the three vertices.

119, The #C of the perimeter of any triangle is the cen-
ter of the circle inscribed in the triangle whose vertices are
the midpoints of the sides.

Proof : The mass of each side is proportional to its length,
and its #C is its midpoint. So the #C' of M, and M; is at
a point D, such that

DM, ¢ _}AB_ MDM,

DM, b 1AC ML
Hence, the #C of the whole perimeter is in the line DM,
and since DM, divides the base M, M, into parts propor-
tional to the sides, it bisects 2( ;. Similarly the #C is in
the line bisecting 2 M,. .

120. The “C of the surface of any tetrahedrvon is the
center of the sphere inscribed in the tetrahedron whose
summits are the #C's of the faces.

121, If the vertex of a triangular pyramid be joined
with the #C of the base, the #C of the pyramid is in thig
line at threc-fourths of its length from the vertex. (Proof
by similar triangles.)

122, The #C' of a tetrahedron is also the #C of its four
summits.

123, The #C' of any pyramid or cone is in the line join-
ing the #C of the base with the apex at three-fourths of its
length from the apex.
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124, A sect is a limited line or rod.

125. The opposite to a point P on a sect AB is a point
P', such that P and P' are at equal distances from the cen-
ter of AB, but on opposite sides of it.

126. The “C of any quadrilateral is the #C of the tri-
angle whose apices are the intersection of its two diagonals
and the opposites of that intersection on those two diagonals
respectively.

Proof - Construct the #C’s £ and F of the triangles
ABC and ACD made by the diagonal A Cof the quadri-
lateral ABCD; then the point on the line FF, which
divides it inversely as the areas of these triangles, will be
the #C of the quadrilateral. But if the diagonal BD is
cut by AC in the point @, then ABC: ACD = BG: GD.
So the sought point is the #C of BG X L/ and DG X F
that is, of BGx 4, BG@ X B, BG x C, and GD X A,
GD XD, GDx C. But we may substitute BD X A for
BG@ XA and GDx A also BD X C for BG'x C and
GD x €. For B@x B and GD X D we may substitute
BD X K, where K is the opposite of @ on the sect BLD.
Therefore the sought point is the #C' of A4, C, and K, that
is, of G, J, and K, where J is the opposite of G on AC

Cor. Calling the #C of the quadrilateral 7, we have
ACL = ACF — AEC — }(ACD — ABC).

127. The #C of the four angular points of a quadrilat-
eral is the intersection of the lines joining the midpoints of
pairs of opposite sides.  Let this point O be called the mid-
center, and G the intersection of the two diagonals be
called the cross-center; then the #C of the quadrilateral is
in the line joining these two centers produced past the mid-
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center, and at a distance from it equal to one-third of the
distance between the two centers.
That is, LZOG will be a straight line, and

0OL=104.

128. In any body between parallel planes, we can reckon
the distance of its #C above its base, if every cross-section
is a given function ¢(z) of its distance z from the
base.

The prism whose base is the section ¢(z), and whose
height is the nth part of the altitude @ of the body, has for

volume %qs (z). Tts#C'is x-{—% from the base of the body,
and has the coefficient “¢(2). Now suppose the #C' of the
body distant = from its 7éase, and form the product of = with
the sum D of the values which Z_Zgb(m) takes when 2 equals

0, la, %a’ ..... ’n_l
n n

«; also form the sum § of the values

which x+oﬂ %gb(x) takes for the same worths of 2.  The
2n

product 7.0 equals the sum 8 when the arbitrary number »
is taken indefinitely great.

D=8 for n==oo

But for » == oo, the sum D expresses the volume of the
body. p

v
The sum S consists of the sum ' of terms from Pl (2),

o
and of the sum & of terms from on" 7—L<f>(x). But the sum
FE has the value OﬁfD, and vanishes for n = oo.
2n
Therefore, for the determination of =, we have the equa-

tion
D=0
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If ¢ (2) is of degree not higher than the second, then
2 ¢ (z), which we will call f(2), is not higher than the third.
Therefore, by 99,

D=%a[9(0) +4¢(3a)+¢(a)
C=%alfO0) +4f (1) + f(a))
But FO)=0, fEa)=3a9p(a) fla)=ap(a).

Therefore T ’Zﬂ% a) + ‘f{(“)i‘
' a” ¢(0)+40(a)+o(a)

2 —(0)]
Theref: =1 a*[¢(a) —9(0) )
1erelore, T 30 + 19D

@i(é)z ~:£1)
Y e

or T=%a

129, For the applicability of the Mass-Center Formula :

oy P(Be—BY

12D

)

the test is Ay = g + mo + nat.

For an examination of the possible varieties, see 99, § (T),
M), (2), (3), (5), (6), (8), (®); and §(U), (1), (2), (3), (5),
(©), (7), (®.

Of course it applies also to the corresponding plane
figures.

Exawm. 102. For trapezoid

T=%(L+‘ a'z(bz‘bx)_:a(?'bz"i"bl).
120, + b)ka” 3(6,+0)

Exawm. 103. For pyramid or cone

2
a*B,
a+-——2-=4%q

12(aB;)

T=

(X

from By, or o from By
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Exan. 104. The #C of a pyrimidal frustum is in the line
joining the #Cs of the parallel faces, and

B,— B)
r=3}a+ __ ol Mg VA
’ 4(31 + \/Ble + Bz)
So, if any two homologous basal edges are as 7 to A,
the distance of the frustral #C from one base will be

a/l*4- 243\ a (/N2 -3 12
B B I ) he other =&, T2 20 )
4( PP IN A2 Z) and from the other 4(12—#25)\—#)\2”)

Exawm. 105." From Exam. 95, for paraboloid

2.2
a?r
T=3%a+ Z—— =3a.

677

Tor frustum of this we obtain an expression similar to
that for trapezoid. Tt is

r—da+ a2 —r?  _ a@rp+ 1“12).
$al2x(rt+r? 302 +1Y)

Exam. 106. For #C of half-globe, from center,

ot
T 2
=1 =i

42?712(}7?‘35

180. The average haul of a piece of excavation is the dis-
tance between the #C of the material as found and its #C as
deposited.

131, The "C of a series of consecutive equally-long quad-
ratic shapes may be found by assuming the #C of each

ghape to be in its mid-section, then compounding, and to the
2 .
distance of the point thus found from B adding @ (DBy—Dy) .

12.D
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Nore. It is a singular advantage of the #C formula that its second
or correction term remains as simple for any namber of shapes in the
series as for one.

In consequence, the error of the assumption that the #C of each
shape is in its mid-section, is less as the series is longer. No error
whatever results from this assumption when the end areas B, and B,
are equal. For instance, in finding #C of a spherical sector whose
component cone and segment have equal altitude, we may assume
that the #C of each is midway between its bases.

139. TrE MAss-CENTER OF AN OCTAHEDRON.

Let AF, B@, CH be three sects (finite lines) not meet-
ing. By an octakedron understand the solid whose eight
faces are ABC, ACG, AGH, AHB,
FBC, FOG, FGH, FHB. The solid
is girdled by the perimeters of three
skew quadrilaterals, BCGH, CAHF,
ABFG. Now the mid-points of the
sides of any skew quadrilaterals are
in one plane. Draw, then, three
planes bisecting the sides of these
quadrilaterals, and let them meet in a point X, which call
the cross-center.

Let, also, M (mad-center) be the mean point of the six
vertices 4, B, O, F, G, H; it is the #C of the triangle
formed by the mid-points of 4%, BG, CH. To find S, the
EC of the solid, join KM, and produce it to § so that
MS=3% KM

Proof : The solid is the sum of the four tetrahedra
AFBC AFCG, AFGH, AFHB.

Now the #C of a tetrahedron is the #C or mean point of
its vertices; consequently the line joining the #C of AFBC
to the mid-point of G H is divided by the point M in the
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ratio 1: 2. The same is true of the other three tetrahedra
and the mid-points of /B, BC, CG. Hence, the mass-
centers of the four tetrahedra are in one plane passing
through the point § found by the above construction, and
therefore the #C of the whole solid is in this plane. So,
also, it is in the other two planes determined by dividing
the solid into tetrahedra having the common edge BG and
the common edge C'H respectively. Therefore it coincides
with the point S.

Cor. By making the pairs of faces ABH, AHG,; ACG,
CFQ@; CBF, BHF to be respectively copular, we pass to
a truncated triangular pyramid. If we join its cross-center -
K with its mid-center M, and produce KM to S, making
MS =3 KM, then S will be the #C of the trunc.

Note. This corollary was Sylvester’s extension of the geometric
method of centering the plane quadrilateral, and suggested to Clifford
the above,



EXERCISES AND PROBLEMS IN MENSURATION.

————

ProBLEMS AND ExERCISES ON CHAPTER I.

1. - 0=

Exrroise 1. Find the diagonal of a square whose side
is unity. V2 =141421+. Answer.

2. Tind the diagonal of a cube whose edge 1s unity.
V8 =1-782050+. Ans.

3. To draw a perpendicular to a line at the point C.

Measure €4 =8 meters, and fix at 4 and € the ends of
a line 9 meters long’; which stretch by the point B taken
4 meters from €' and 5 meters from A.

BC is 1 to AC because 3% + 4% = 5%

4. The whole numbers which express the lengths of the
sides of a right-angled triangle, when reduced to the lowest
numbers possible by dividing them by their common divi-
sors, cannot be all even numbers. Nor can they be all odd.

For, if ¢ and & are odd, «® and &* are also odd, each
being an odd number taken an odd number of times.

a* + 0% is even, and .. ¢ is even.
. —d'=(c+a)(c—a)="0

5. .To obtain three whole numbers which shall represent
the sides of a right-angled triangle.
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—1
Rule of Pythagoras. Take n any odd number, then ﬁ_2__

2
= the second number, a,ndn—;—lz the third number.
m?

4

Dloto’s Rule. Take any even number 7, then also
2
and mZ + 1.
Euclid's Rule. Take x and v, either both odd or both

even, such that zy = 6% a perfect square; then o= x~12—-3-/

Tty
5

-1,

and ¢=

Rule of Maseres. Of any two numbers take twice their
product, the difference of their squares, and the sum of
their squares.

Proof : Let the whole numbers which express the lengths
of the two sides of a rt. A be ¢ and m. If ¢ be a whole
number, it must = @ -7, where » is a whole number.

By 1, :
st +m?P=c?=a’+ 2an 4 n%

com?=2an + n’

s 2an =m? — nl

m? —n?
=
2n
, a+n—c—m2*n2+ 20t m? +n?
. 2n 2n

7__ 2
Therefore, the three sides, a, m, ¢, are m , 42-‘m—n, and
m2+'n2 P . 272' . 2n
g Magnifying the rt. A 27 times, its sides are ex-
n

pfessed by the whole numbers m?-— % Zmn, and m? -4
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TABLE I.—DissiMILAR Ri1GHT-ANGLED TRIANGLES.

Sides. Area. Sides. Area.

3 4 5 6 57 176 185 5,016
5 12 13 30 85 132 157 5,610
8 15 17 60 36 323 325 5,814
24 25 84 29 420 421 6,090
9 40 41 180 60 221 229 6,630
12 35 37 210 119 120 169 7,140
20 21 29 210 31 480 481 7,440
11 60 61 330 84 187 205 7,854
16 63 65 504 104 153 185 7,956
13 84 85 546 95 168 193 7,980
28 45 53 630 40 399 401 7,980
15 112 113 840 69 260 269 8,970
33 56 65 921 33 544 545 8,976
20 99 101 990 68 285 293 9,690
17 144 145 1,224 133 156 205 10,374
48 55 73 1,320 44 483 485 10,626
36 T 85 1,386 35 612 613 10,710
39 80 89 1,560 105 208 233 10,920
19 180 181 1,710 .75 808 317 11,550
24 143 145 1,716 96 247 265 11,856
21 220 221 2,310 140 171 221 11,970
65 72 97 2,340 120 209 241 12,540
44 117 125 2,574 37 684 685 12,654
60 91 109 2,73 76 357 365 13,566
28 195 197 2,730 48 B75  BT77 13,800
23 264 265 3,036 115 252 277 14,490
51 140 149 3,570 39 760 761 14,820
25 312 313 3,900 52 675 677 17,550
32 255 257 4,080 87 416 425 18,096
52 165 173 4,290 160 231 281 18,480
88 1056 137 4,620 136 273 305 18,564
27 364 365 4914 161 240 289 19,320
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TaBLE I.—Continued.

Sides. Arca. Sides. Area.
56 783 1785 21,924 319 360 481 57,420
93 476 485 22,134 124 957 965 59,334
207 224 305 23,184 231 520 569 60,060
120 391 409 23,460 200 609 G41 60,900
135 352 377 23,760 279 440 521 61,380
92 525 533 24,150 185 672 697 62,160
175 288 337 25,200 336 377 505 63,336
204 253 325 25,806 80 1,599 1,601 63,960
152 345 377 26,220 308 435 533 66,990
180 299 349 26,910 195 748 773 72,930
60 899 910 26,970 396 403 565 79,794
145 408 433 29,580 259 660 709 85,470
225 272 353 30,600 368 465 593 85,560
100 621 629 31,050 336 527 625 88,536
105 608 617 31,920 315 bB72 653 90,090
189 340 389 32,130 273 736 785 100,464
64 1,023 1,025 32,736 400 561 689 112,200
252 275 373 34,650 364 627 725 114,114
168 425 457 35,700 455 528 697 120,120
155 468 493 36,270 407 624 745 126,984
228 325 397 37,050 301 900 949 135,450
111 680 689 37,740 468 595 757 139,23
108 725 733 39,150 432 665 793 143,640
68 -1,155 1,157 39,270 369 800 881 147,600
203 396 445 40,194 429 700 821 150,150
165 532 557 43,890 315 988 1,037 | - 155,610
297 304 425 45,144 555  b72 797 158,730
72 1,295 1,297 46,620 540 629 829 169,830
184 513 545 47,196 451 - 780 901 175,890
116 837 845 48,546 504 703 865 177,156
280 351 449 49,140 329 1,080 1,129 177,660
217 - 456 505 49,476 420 . 851 949 178,710
261 380 461 49,5690 464 - 777 905 180,264
76 1,443 1,445 54,834 533 . 756 925 201,474
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TasLe I. —Concluded.

Stdes. Area. Stdes. Area.
616 G663 905 204,204 748 1,085 1,277 387,090
473 864 985 204,336 893 924 1,285 412,566
580 741 941 214,890 560 1,551 1,649 434,280
496 897 1,025 222,456 884 987 1,325 436,254
615 728 953 223,860 792 1,175 1417 465,300
330 644 725 | 107,226 | 684 1,363 1525 | 466,830
557 840 1,009 234,780 740 1,269 1,469 469,630
696 . 697 985 242 556 931 1,021 1,381 474,810
660 779 1,021 257,070 833 1,056 1,345 481,474
645 812 1,037 | 261,870 | 969 1,120 1481 | 542,640
476 1,107 1,205 263,466 720 1,519 1,681 546,840
620 861 1,061 266,910 836 1,325 1,565 554,014
585 928 1,097 271,440 780 1,421 1,621 | 554,190
731 780 1,069 285,090 936 1,127 1,465 556,738
504 1,247 1345 | 314,244 | 1,036 1,173 1,565 | 607,614
704 903 1,145 317,856 988 1,275 1,613 | 629,850
660 939 1,189 | 326,370 880 1,479 1,721 | 650,760
612 1,075 2,237 329,950 1,113 1,184 1,625 658,896
765 868 1,157 332,010 1,140 1,219 1,669 ) 694,830
705 992 1,217 349,680 | 1,040 1,431 1,769 | 744,120
832 855 1,193 355,680 1,248 1,265 1,777 799,480
532 1,395 1,493 371,070 | 1,148 1,485 1,877 | 852,390
799 960 1,249 383,520 1,312 1,425 1,937 863,550
Sides. Area.
4,059 4,060 5,741
23,660 23,661 33,461
207,000 207,151 292,849
159,140,519 159,140,520 225,058,681
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8. b+ 20=c

6. Two sides, a =6-708, b = 5, contain an obtuse angle.
If =238, find c. 10. Ans.

7. If a=18,b6=11, ¢=20, find j. 5. Ans.

4, P+ —-2=7

8, The three sides of a triangle are 2-5 meters, 4-8
meters, 3-2 meters; find the projections of the other two
sides on b =4-8 meters.

1-985 meters and 2:815 meters. Ans.

9, Two sides of a triangle, 3 meters and 8 meters long,
enclose an angle of 60° Find the third side.

' 7 meters. Amns.

Hixt. Joining the midpoint of 3 with the vertex of the rt. &

made in projecting 3 on 8 gives two isosceles triangles, and
soj=14

10. Two sides of a triangle are 18 meters and 15 meters.
Opposite the first is an angle of 607 Find the third.
7 or 8 meters. Ans.

Hinr. Drop L to 15-meter side. The segment adjacent the third
side is half the third side.

11. Two sides of a triangle are 9-6 meters and 12-8
meters; the perpendicular from their vertex on the third
side is 7-68 meters; find that side. 4. Ans.

6. o*+ 2 —Fb2=2¢%

12. Given 4;, the medial from 4 to a; %, from B to &;
and 7, from € to ¢. Find @, b, and e.

From 6, @ -} 23
@Bt =202
Bt —fat=2i2

)
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Taking the last equation from twice the sum of the two
former gives ) R
4a® + Fa =2(24, + 242 —i2).

L a=%V2i2+ 24 — i Ans.
Symmetrically, find b and e.

18, If 4, =18, 3,=24, 4,=30; find @, b, and <.
a=384-176, b = 28-844, ¢ =20. Ans.

14. Prove i+ 42+ = (&’ + 0* + &).
15. In any right-angled triangle prove fa = \/ 4o — oy
15

16. The locus of a point, the sum of the squares of whose
distances from two fixed points is constant, is a circumfer-
ence whose center is the midpoint of the straight line join-
ing the two fixed points.

17. The locus of points, the difference of the squares of
whose distances from two fixed points is constant, is a
straight line perpendicular to that which joins the two
fixed points.

18. The sum of any two sides of a triangle is greater than
twice the concurrent medial.

19. In every quadrilateral the sum of the squares of the
four sides exceeds the sum of the squares of the two diag-
onals by four times the square of the straight line joining
the middle points of the diagonals.

20. The sum of the squares on the four sides of a paral-
lelogram is equivalent to the sum of the squares on the
diagonals.

21. The sum of the squares of the diagonals of a trape-
zoid is equal to the sum of the squares of the non-parallel
sides augmented by twice the product of the parallel
sides.
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22, On the three sides of a triangle squares are described
outward. Prove that the three lines joining the ends of
their outer sides are twice the medials of the triangle and
perpendicular to them.

23. Prove that the medials of a triangle cut each other
into parts which are as 1 to 2.

24, The intersection-point of medials is the center of
gravity of the triangle.

25. Prove an X in a A, acute, rt., or obtuse, according as
the medial through the vertex of that X is >, =, or < half
the opposite side.

ghr

7. b= A
26, The three sides of a triangle are 17-4 meters, 23-4
meters, 31:8 meters. The smallest side of a similar tri-
angle is 5-8 meters. Find the other sides.
7-8 meters and 10-6 meters. Ans.

27. Find the height of an object whose shadow is 87-8
meters, when a rod of 2-75 meters casts 1-4 meters shadow.
74-25 meters. Ans.

28. The perpendicular from any point on a circumfer-
ence to the diameter is a mean proportional between the
two segments of the diameter.

29. Every chord of a circle is a mean proportional be-
tween the diameter drawn from one of its extremities, and
its projection on that diameter.

30. From a hypothenuse of 72-9 meters, a perpendicular
from the right angle cuts a part equal to 6-4 meters; find
the sides. a == 21-6 meters, b = 69-62 meters. Ans.
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31, The hypothenuse is 82-5 meters, and the perpendicu-
lar on it 15-6 meters; find the segments.

11:7 and 20-8. Ans.

32. In a 1t. A, ¢= 865 meters; a-b=">51-1 meters;
find o and b. o= 21-9 meters, b = 29-2 meters. Ans.

33. The sides of a triangle are 4-55, 6:3, and 4-445; the
perimeter of a similar triangle is 4-37.  Find its sides.
1-8, 1-8, and 1-27. Amns.

34. A lamp-post 3 meters high is 5 meters from a man 2
meters tall ; find the length of his shadow.

35. The sides of a pentagon are 12, 20, 11, 15, and 22;
the perimeter of a similar pentagon is 16 meters. Find its
sides. 24,4, 2-2, 3 and 4-4. Ans.

36. Through the point of intersection of the diagonals
of a trapezoid a line is drawn parallel to the parallel sides.
Prove that the parallel sides have the same ratio as the
parts into which this line cuts the non-parallel sides.

Fs?
8., d===,

}L .
9, h=r—Vi? L2

10, k= Vi1

37. Find the side of a regular decagon.

If a radius is divided in extreme and mean ratio, the
greater segment is equal to a side of the inscribed regular

decagon. Ww. 394; (Eu. IV. 10; Cv. V. 17).
(e — k) = k2

2 —rk= k2
k=%
Bkt =307

Co k=7

V5 2~ 1. Ans.
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11, 7 :\/272 — V4T — 2
38. Prove that the sides of the regular pentagon, hexa-
gon, and decagon will form a right-angled triangle; or
ki 4 kd = k.
39, Show that fy, =7 Vo V3 +4- V3,
ho—rV2-V2 1313,
kw:'r\/2~\/2 +V2 +\/2 +\7§, ete,
40. Show that %, = V2.

B =rV2_ V3,

k,=rN2 V213,

b= V2= V2 1+ V2 5 V3, et

12, 1—— 2k
Vir B

41. If a, is the apothegm of a regular inscribed n-gon,

prove dy, = {C(L_ZF—C(L)

Hixnt. Use 7 and 2.

42. If also p', be perimeter of inscribed polygon, p, of
"l
circumscribed, prove p'y, Pl

,a%
B p,phiira,

44. Indicate how to reckon = by 40, 41, and 42, or by

. 2 ,n n 1
the following ps, :15,%; and py, = Vp', pou.
13.

45. When a quantity increases continually without be-

coming greater than a fixed quantity, it has a limit equal
or inferior to this constant.
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46. When a quantity decreases continually without be-
coming less than a fixed quantity, it has a limit equal or
superior to this constant.

47. When two variables are always equal, if one of them
has a limit, so has the other also.

14. Lim p, =lim p', =c.

48, Show that p'y,2 = p', 2.

2 n 2 n, ,'n

49, Prove p'y, = p'”\/p:j—zfo’,;’ and also p,, = 1#]7;
50. If 9, 7, be the radii of the circumscribed and in-
scribed circles of a regular polygon of = sides, and Ry, 72,
the corresponding radii for a regular 2n-gon of the same

perimeler as the n-gon ; then R,ry, = Reo,?, and R, + 7= 274,

51 If X3, X, 2, etc., Xy, be the angles of a polygon of
2n sides, inscribed in a circle, then X, 4 X+ ete. + Xy, 11
= X2 -+ 2;4 -+ ete. 4~ zm»

52, The greater the number of sides of a regular poly-
gon, the greater is the magnitude of each of its angles.
The limit is f, which can never be reached since the sum
of the exterior angles is always 6.

15. r=3-141592653589793238462643383279+.
16. cr:coi iyt

17, == Z?: 30 31416

”
18. c=dr=27rm.
53. Find ¢ when r = 14, taking = =22, 88. Ans.

19, d—2r =% — ¢ x 0-3183098+.
T

54, Find the diameter of a wheel, which, in a street 19,685
meters long, makes 3,125 revolutions. 2 meters. Ans.
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55. The hypothenuse is 10, and one side is 8; semicircles
are described on the three sides. Find the radius of the
semicircle whose circumference equals the circumferences
of the three semicircles so described. 12, Ans.

56, Find the radius of a sphere in which a section 30
centimeters from the center has a circumference of 251-2

. . — . 2
centimeters. =34 (251 2—> . Ans.

2 X

ExErcisEs AND ProBLEMS oN Cmapter II.

20. Are measures X at center.

57. Find the third angle of a triangle whose first angle
is 12°56' and second angle 114°48".  58°58'16". Ans.

58. The angles of a triangle are as 1:2:3. Find each.
30°, 60°, 90°. Ans.

59, Of the three angles of a friangle X a is 12°20' small-
er than 2 B, and X yis 5°43' smaller than X 8. TFind
each. o0 =53°41" B=1066°1", y=160°18". Ans.

60. The sum of two angles of a triangle is 174°48'24";
the difference of the same two is 48°24'50". TFind all
three. 110°86'37", 63°11'47", 5°11'36". Ans.

61. Three angles of a quadrilateral are 125°48'32"
127°58'45" 85°37'27" . find the fourth. 20°35'16". Ans.

62. The angles of a quadrilateral are as 2:8:4:7; find
each. 45°, 67°30', 90°, 157°80". Ans.

63, In what regular polygon is every angle 168°45'?
A 82-gon. Ams.

64, The vertical angle of an isosceles triangle is 148°47";
find the others. 15°59'863". Ans.
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65. The sum of two angles adjacent to one side of an
isosceles triangle is 85°23'48"; find the three angles.
44°36'12", 44°36'12", and 90°47'36". Ans.
21. u-:é.
7
66. Find the circular measure of the angle subtended by

a circular watch-spring 8 millimeters long and radius 1%
millimeters.

67. If a perigon be divided into » equal parts, how many
of them would a radizn contain ?

2%. Amns.
29, g:_cLo.
22 . 360°

68. Find the arc pertaining to a central angle of 78°
when 7 =1-5 meters. {=2:042 meters. Ans.

69, Find the arc intercepted by a central angle of 36°25'
when 7 = 8-5 meters. == 5-39 meters. Ans.

70. Find an arc of 112° which is 4 meters longer than its
radius. [ = 8189 meters. Ans.

23. [/0: 1860 .

71. When d =11-5, find arc 4-6 meters long.
X =45°57'14%". Ans.
72. Calling = =22, find » when 64° measure 70-4 meters.

» = 63 meters. Ans.
- Hiwt. 2mr: 70411 360: 64.

24, 25, 26, 27, and 28,

73. Find the complement, supplement, and explement of
30°.
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74. Find the angle between the bisectors of any two ad-
jacent angles.

75, If a medial equals half its base, its angle is right.

76, If one angle in a right-angled triangle is 30°, one
side is half the hypothenuse.

71. In every isosceles right triangle half the hypothenuse
equals the altitude upon it.

78, One angle in a right triangle is 30°; into what parts
does the altitude divide the right angle ?

79. How large is the angle between perpendiculars on
two sides of an equilateral triangle?

80. Find the inscribed angle standing on an arc of

116°27'38", 58°13'49". Ans.
8L, Find the inscribed angle cutting out one-tenth cir-
cumference. 18°, Ans.

82. Find the angle of intersection of two secants which
include arcs of 100°48' and 54° 12", 23°18'. Ans.

83. An angle made by two tangents is measured by the
difference between 180° and the smaller intercepted arc.

84, From the same point in a circumference two chords
are drawn which cut off’ respectively arcs of 120° and 80°;
find the included angle.

85. The four angle-bisectors of any quadrilateral from
a quadrilateral whose opposite angles are supplemental.

29, uw=— "0
* 7 1800
86. F'ind the circular measure of 42°, »73308. Ans.

87. Find the circular measure of 45°. 785398, Ans.
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88. Find the circular measure of 30°. 528598, Amns.
Ans.

89. Find the circular measure of 60°,

Cely

. . T
.90. Find the circular measure of #°. = Ans.
180
91. Express seven-sixteenths of a right angle in circular
measure. ’

92. Express in circular measure an angle of 240°.

4—”. Amns.
3

93. Find in circular measure the angle made by the
hands of a watch at 5:15 o’clock.

94, Find w of X made by watch-hands at a quﬁrter to 8.
95. Find w of watch X at 8:30 o'clock.
96. Find w of watch X at 6:05 o'clock.

97. The length of an arc of 45° in one circle is equal to
that of 60° in another. Find the circular measure of an
angle which would be subtended at the center of the first
by an arc equal to the radius of the second. 2. Ans.

30. & — %180 ]

98. The angle whose circular measure equals one-half is
28°38'52"24™M.

99, Find the number of degrees in an angle whose u=%.
° = 3(B7-2957795+) = 88-197186+. Ans.

100. Find X whose v =%, 49°.9'718346. Ans.

101. Find the number of degrees in an angle whose
w=24. 71-61972439. Ans.
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102, Find the number of degrees, minutes, and seconds
in an angle whose » =41 30°0'43"-45. Ans.

103. The circular measure of the sum of two angles is
P57, and their difference is 17°; find the angles.
27°15" and 10°15'. Ans.
104. Express in degrees the angle whose u = # .
120°. Ans.

105. How many degrees, minutes, and seconds are there
in the angle whose circular measure is §?

47°44'47" nearly. Ams.

106. Express in degrees and circular measure the verti-
cal angle of an isosceles triangle which is half of each of thg
angles at the base.

107. How many times is the angle between two consecu-
tive sides of a regular hexagon contained (1) in a right

angle? (2) in a radian? (1) % (2) _23~ Ans.
™

108. Two wheels with fixed centers roll upon each other,
and the circular measure of the angle through which one
turns gives the number of degrees through which the other
turns in the same time; find the ratio of the radii of the

wheels. 180 4.
™
31, ,— 1180
T
109. The length of an arc of 60° is 86%; find the radius.
r=238b. Ans.

110, Find circumference where X% 30° is subtended by
arc 4 meters.

111, If 7 be the length of an arc of 45° to radius , and
I, the length of arc 80° to 7y, prove 87yl = 41yl
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ExERCISES AND PrROBLEMS oN Cmarter III.
32. B=ab.

112, The area of a rectangle is 2,883 square meters; the
diagonal measures 77-5 meters. Find the sides.
b = 46-5 meters, a =62 meters. Ans.
HinT. A+ =5 . . . . . . L
ab = 2,883 e 1
Substitute in I. the value of o from II. -This gives a biquadratic
soluble as a quadratic. Or, to avoid the solution of a quadratic,
multiply II. by 2, then add and subtract from I. This gives
a? +2ab + 0% =11,772-25,
a*—2ab +b0*=  240-25.
a+b= 1085
a—b = 155,
113. Find the perimeter and area of a rectangle whose
altitude o = 1,843-02 meters and base b = 8456 meters.
: p = 5,377-24 meters,
R =1,55845T-712 square meters. Ans.

114. Find the number of boards 4 meters long, 0-5 me-
ters broad, necessary to floor a rectangular room 16 meters
long and 8 meters broad. 64. Ans.

115, Of two equivalent rectangles, one is 4-87 meters
long and 2:84 meters broad, the other is 4-26 meters long.
How broad is it ? 3-246 meters. Ans.

116. The perimeter of a rectangle is 24-54 meters; the
base is double the altitude. Find the area.
LR = 33-4562 square meters. Ans.

117., The difference of two sides of a rectangle is 1-4 me-
ters; their sum, 82 meters. Find its area.
R =16-32 square meters. 4ns.
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118. The base of a rectangle of 46-44 square meters is
3-2 meters longer than the altitude ; find these dimensions.
b = 8-6 meters, =54 meters. Ans.

Hixr., b= a + 3-2 meters.

coa(e 4+ 3-2) = 46-44, ete.

119. The perimeter of a rectangle is 13 meters longer
than the base; the area is 20-88 square meters. Find the
sides. 5-8 and 8-6 meters, or 7-2 and 2-9 meters. Ans.

120. The perimeter of a rectangle is 3-78 meters; its di-
agonal, 1-35. Find the area.
: R =0-8748 square meters. Ans.

121. A rectangular field is 60 meters long by 40 meters
wide. It is surrounded by a road of uniform width, the
whole area of which is equal to the area of the field. TFind
the width of the road. 10 meters. Ans.

122. A rectangular court is 20 meters longer than broad,
and its area iz 4,524 square meters; find its length and
breadth. 78 and 58 meters. Ans.

33. ¢g=20~

123. Find the area of a square whose side is 154 meters.
23716 square meters. Ans.

124. The area of a square is § square meter ; find its side.
079057 meters. Ans.

125. The side of a square is a; find the side when the
area is 7 times as great. a=~n. Ans.

126. The sum of two squares is 900 square meters, the
difference 252 square meters; find the sides.
24 and 18 meters. Ans.
-Hixr. al+ af =909,
al+ —at=252.
" a2 =578,
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127. The sides of two squares differ by 12 meters; their
areas by 240 square meters. Tind the side and area of
each. Sides, 4 and 16 meters;

Areas, 16 and 256 square meters. Ans.

Hixr. (& + 12 — a® = 240.

128. The perimeter of a square is 48 meters longer than
the diagonal ; find the area.
344-544375 square meters. Ans.

IINT. da=aVv?2+48.

129. The sum of the diagonal and side of a square is 100
meters; find the area. 1715-6164 square meters. Ans.

Hixr. 2a?=(100—~a)p ~

34. [J=nab.

130. The area of a parallelogram is 120 square meters,
two sides are 12 and 14 meters; find both diagonals.
24 and 10-2 meters. Ams.

131. The altitudes a; and a, of a parallelogram are 5 and
8 meters; one diagonal is 10 meters. Tind the area.
40-285 or 100-65 square meters. Ans.

Hixr. b,=%b,
b, =10+ 02 —2D,j.
Also, #=100—64=36. ..j=86.

132. One side of a parallelogram is 8 meters longer than
the corresponding altitude, and [7 =384 square meters;
find this side. 24 meters. Ans.

35. A=1tab.

133. The area of a rhombus is half the product of its
-diagonals.
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134, From any point in an equilateral triangle the three
perpendiculars on the sides together équal the altitude.

135, Find the area of a right triangle whose two sides
are 2482 and 160-5 meters.
19,918:05 square meters. Ans.

136. If 18-4 meters is the altitude of a A = 125-36 square

meters, find . 13:626 meters. Ans.
137, The two diagonals of a rhombus are 852 and 6-38
meters; find the area. ~ 27-1788 square meters. Amns.

138. The altitude of a triangle is 8 meters longer than its
base, and area is 44-02 square meters; find b.

6-2 meters. Amns.
Hixr. o b b2+ 8) _ 4402,

139. The altitude of a right triangle cuts the hypothe-
nuse into two parts, 7-2 and 16:2 meters long; find the
area. 126-836 square meters. Ans.

36. A=~Vs(s—a) (s—0b)(s—c).

140. 2log A=logs-log(s—a) 4 log (s —b)+log(s—e).
141. If b is the base of an equilateral triangle, find the
area.

Here “=\/bé“%:§ﬁ-
’ v
S A=ab=—
a 47/3‘
142, The altitude of an equilateral triangle is 8-5 meters;
2

find the area. A= %\/g =41-T1 square meters. 4ns.

143. The area of an equilateral triangle is 5-00548 square
meters; find the side. 3-4. Ans.
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144. The side of an equilateral triangle is 4 meters
longer than the altitude; find both.

a = 25856, b=29-856. Ans.
b?:(b;z})u?f
b — 32z = —64.

Hint.

145, The three sides of a triangle are 10-2, 186, and 17
meters; find the area. 69-36 square meters. Ans.

Here
§= 204 - A=V204(204 —109) (304 —156) (204 —17).

146. By measurement, o = 37'18 meters, b = 4872 me-
ters, ¢ = 5646 meters; find A.

Here ~7118; .. logs  =1.85236

s—a=23400; .. log(s—a)=153148
s—b=2246; .. log(s—b)=135141
s—c=1472; .. log(s— ¢)=1-16791
o logA? =5-90316
. logA = 295158

oo A=894'50 square meters. Ans.

147. If three arcs, whose radii are 8, 2, 1, at their centers
subtend angles of 60°, 90° 120° and intersect each other
at their extremities, prove that the sides of the triangle
formed by their chords are 3, 29, \/g; and its area
= $V/23.

Hixr. The perpendicular from vertical 2{ 120° of isosceles A
equals half a side, since joining its foot with midpoint of side makes
an equilateral A.

148, The area of a triangle is 1012; the length of the
side @ is to that of b as 410 3, and cisto b as 3 to 2. Re-
quired the length of the sides.

a=>52470, b =39:353, ¢=59029. Ans.
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Here
a=14b c=3b; . 25—=4b+b 4 ib=28%5%9) 23D
s =235
s—a =250 = 7,
and s —b=1}0,
and §—¢=23318b =50
- Avea = VER . 5. 1L 2 b =1012

- V885512 = 1012 x 144 = 145,728,
oL 9410107 = 145,728.

o b=V/188128 — 39353,

149, The area of a triangle is 144, and one of two equal
sides is 24 ; find the third side, or base.
Here ,
s=24+g, and s—a=s—c=4%b s—b=24-3%0.
o144 = V(24 L T
. B76 = V(2304 — %) b2

150. Show that, in terms of its three medials,

A = 3VERER T i 2 — i — i — i,

Proof : (@2 +42 1) =3(a + 1 + &),
16(i202 + 0202 +i202) = 9(a%® + a6 + %),

163 +if +1,9) = 9(at + b4 + o).

But, by multiplying out 86, we have

A= IR TS T B (@1 5 T .

151. Prove that the triangle whose sides equal the me-
dials of a given friangle is three-fourths of the latter.
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TaBLE II.—ScALENE TRIANGLES.

Sides. Area. Sides. Area.
4 13 15 24 25 33 52 330
3 925 26 36 11 100 109 330
9 10 17 36 17 39 44 330
7 15 20 42 24 35 53 336
6 25 29 60 25 29 36 360
11 13 20 66 13 68 %5 390
5 29 30 72 20 51 65 408
13 14 15 84 25 39 56 420
8 29 35 84 2l 8 104 " 420
10 17 21 84 26 35 51 420
12 17 25 90 21 61 65 420
19 20 37 114 19 60 73 456
16 25 39 120 35 44 75 462
13 2 21 126 25 39 40 468
15 28 41 126 8 123 125 480
11 2 30 132 29 35 48 504
11 9 97 132 51 52 101 510
13 40 51 156 29 60 85 522
15 26 37 156 28 65 89 546
10 35 39 168 25 51 52 624
13 30 37 180 25 52 63 630
12 55 65 198 36 91 125 630
7 65 68 210 2 51 55 660
17 25 28 210 25 92 113 690
9 73 80 216 29 52 69 690
15 41 52 234 17 105 116 714
13 37 40 240 32 53 %5 720
9 65 70 252 34 65 93 744
33 34 65 264 25 63 74 758
15 37 44 264 39 41 50 780
25 51 74 300 21 89 100 840
20 37 51 306 35 52 .73 840
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TasLe 11.—Continued.

Sides. Area. Sides. Area.
25 84 101 840 43 259 300 1,806
14 157 165 924 26 145 153 1,836
35 53 66 924 51 75 78 1,836
33 56 65 924 80 91 165 1,848
22 85 91 924 55 84 125 1,848
40 b1 7 924 45 85 104 1,872
31 156 185 930 45 91 116 1,890
23 140 159 966 53 75 88 1,980
34 61 75 1,020 65 66 109 1,980
57 60 111 1,026 48 85 91 2,016
36 8L 65 1,080 65 72 119 2,016
31 97 120 1,116 17 260 267 2,040
39 62 85 1,116 92 117 205 2,070
25 101 114 1,140 61 69 100 2,070
38 65 87 1,140 65 68 105 2,142
51 98 145 1,176 60 73 91 2,184
35 78 97 1,260 61 74 87 2,220
16 195 205 1,288 55 136 183 2,244
41 66 85 1,320 19 289 300 2,280
40 111 145 1,332 68 75 77 2,310
23 123 130 1,380 58 8 117 2,340
46 75 109 1,380 45 133 164 2,394
51 74 115 1,380 29 182 195 2,436
4 7B 97 1,684 87 119 200 2,436
35 100 117 1,638 35 174 197 2,436
39 85 92 1,656 41 169 200 2,460
50 69 73 1,656 85 123 202 2,460
41 84 85 1,680 65 89 132 2,574
56 61 75 1,680 31 193 210 2,604
57 65 68 1,710 39 145 164 2,610
39 110 137 1,716 65 87 88 2,640
29 . 150 169 1,740 61 91 100 2,730
29 125 136 1,740 21 340 353 2,856
52 73 75 1,800 49 200 241 2,940




EXERCISES AND PROBLEMS.

169

Tasie II. —Continued.

Sides. Area. Sides. Area.

27 275 292 2,970 1056 124 205 5,208
35 197 216 3,024 75176 229 5,280
76 85 105 3,196 51 233 260 5,304
37 195 212 3,330 65 173 204 5,304
87’ 112 185 3,360 45 296 325 5,328
45 164 187 3,366 91 125 17 5,460
78 95 97 3,420 104 111 175 5,460
57 122 125 3,420 99 113 140 5,544
65 109 116 3,480 47 250 267 5,640
73 102 145 3,480 55 244 273 6,006
65 126 173 3,484 1056 116 143 6,006
65 119 156 3,570 100 217 303 6,510
40 231 257 3,696 91 145 180 6,552
69 113 140 3,864 153 185 328 6,660
65 119 138 3,864 43 520 555 6,708
60 145 161 3,864 119 150 241 7,140
89 99 100 3,960 50 369 401 7,380
57 148 175 3,990 89 170 189 7,660
75 109 136 4,080 65 297 340 7.722
85 99 140 4,158 37 525 548 7,770
91 100 159 4,200 85 234 293 7,956
90 97 119 4,284 123 133 200 7,980
40 291 3825 4,290 65 272 303 8,160
87 100 143 4,290 111 200 281 8,880
68 87 145 4,350 140 143 157 9,240
39 280 305 4,368 68 273 275 9,240
89 111 170 4,440 111 175 176 9,240
55 207 244 4,554 89 208 231 9,240
66 175 221 4,620 116 231 325 9,240
143 168 305 4,620 111 175 232 9,324
61 155 156 4,650 74 277 315 9,324
37 411 440 4,884 117 164 175 9,450
41 337 360 4,904 116 181 225 10,440
123 -+ 208 325 4,920 91 253 300 10,626
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TasrLe I1.—Concluded.

Sides. Area. Sides. Area.

148 153 175 10,710 190 231 377 17,556
113 195 238 10,920 175 221 318 18,564
149 156 175 10,920 175 221 276 19,320
66 389 425 11,220 125 312 323 19,380
123 187 200 11,220 143 296 375 19,536
86 293 336 11,424 186 221 275 20,460
170 171 305 11,628 212 225 247 22,230
75 403 452 12,090 260 287 519 22,386
93 325 388 12,090 129 377 440 22,704
130 185 231 12,012 205 286 411 27,060
113 225 238 12,600 221 346 525 27,300
© 157 165 184 12,144 123 595 676 29,274
87 340 385 13,398 263 260 315 31,878
164 225 349 14,760 277 304 315 38,304
125 253 312 15,180 2556 407 596 41,514
225 287 496 15,624 217 404 495 42,966
195 203 356 15,834 175 527 600 44,268
- 144 221 275 15,840 273 425 628 46,410
126 269 325 16,380

37, r= é
S

152. Any right triangle equals the rectangle of the seg-
ments of the hypothenuse made by a perpendicular from
center of inscribed circle. :

183, In any triangle A B, let M be the mid-point of the
base AC, I the point of contact of the inseribed circle, A
and K the points where the perpendicular {from the vertex
B, and the bisector of the angle B meet AC; prove the
relation M7 . HI= MH . KI.
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154, Each tangent from 4 equals s—a; from B equals
s—b; from C equals s —c.

155. In a right triangle, CD is the perpendicular from '
on hypothenuse ; prove that the circles inscribed in triangles
CAD, CBD have the same ratio as these triangles.

156, If /y, Ay, /g be the perpendiculars from the angles of
a triangle upon the opposite sides, and 7 the radius of the
inscribed circle, prove 1 . 1, 1 1 :

hy T hy T ;L3 T
Hixt. 1_a and 1 —b—, etc.
b, 2A h, 2A
Z) 3.3
157. Prove fyhg hy = (“ T a[j; Ul

158. If '), 7'y, 25 be the perpendiculars from any point
within a triangle, upon the sides, prove '

A Ay A

/19 "y

159, If 7y, 79, 73 be the distances from the angles of a
triangle to the points of contact of the inseribed circle,

prove ( 17273 >§
71 +72+ T3

160. If 7, 75 75 be the distances from the angles of a
triangle to the center of the inscribed circle, prove

r=3" 0 (@t bto).

+ =1

161. Prove abe = ard 4 br? -+ erd.

6ab
162. Prove r&+ 718 =ab 4 ac+ be _g—}——(;)ici—_c.
abe.
38. = A

163. The radius of a circle is 8 meters. Find the side of
an inscribed equilateral triangle. b = 13-8564 meters. Ans.
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164. Find the radius circumscribing the equilateral tri-
angle whose base equals 8:66 meters. 5 meters. Ans.

165. In every triangle, the sum of the perpendiculars from
the center of the circumseribed circle on the three sides is
equal to the sum of the radii of the inscribed and circum-
seribed circles.

166. If from the vertices of an equilateral triangle per-
pendiculars be drawn to any diameter of the circle circum-
scribing it, the perpendicular which falls on one side of this
diameter will be equal to the sum of the two which fall on
the other side.

167. If the altitude of an isosceles triangle is equal to its
base, §0 =9.

168, If A', B', (" be the feet of the perpendiculars from
the angles of a triangle upon the sides, prove that the
radius circumscribing ABC is twice the radius circum-
scribing 4' B' ('

169. If a, B, y be the perpendiculars from the center of
the circumseribing circle upon a, b, ¢, the sides of a triangle,

prove e _y(2D )
afy a By,
39. n = A i rg== - ; m:A.
s—a s—b s—c¢

170. If the sides of a triangle be in arithmetical progres-
sion, the perpendicular on the mean side from the opposite
angle, and the radius of the circle which touches the mean
side and the two other sides produced, are each three times
the radius of the inscribed circle.

171. Each of the common outer tangents to two circles
equals the part of the common inner tangent intercepted
between them.
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172. BEach tangent from A4 to the circle escribed to a
equals s; from B to circle escribed to @ equals s —¢; from
C to circle escribed to @ equals s-—&. Similar theorems
hold for the escribed circles which touch & and e.

173. The area of a triangle of which the centers of the
abe

escribed circles are the angular points is o
,
174, If a;b, ¢ denote the sides of a triangle; Ay, Ay, A5 the
three altitudes; ¢i, ¢o, ¢s the sides of the three inscribed
squares, prove the relations

1 1,11 1,1, 1 1,1

é—l:zl“l‘&, §2~-}L~2+z: %:E+ py

175. Prove

176. Prove =T = I

o Ty

177. Prove Y= =T ¥

178. If =, 77, 75, 79 ave the distances from the center of the
circumscribed circle to the centers of the inscribed and

escribed circles, prove the relations -

K="+ 2R =7 — 21N =12 — 2N
:792_2¢3%:72+T72+782+792‘
12
Hinr. =R 2R =24 209,
=04 20 R r2=0%4 220
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be
179. . avc .
Prove R Sa+bto)
. abe | :___”{ZJE‘V_ g abe
Tlgt—4(s~a)’ st 4(s—b)’ st 4(s—c)’

180. Prove i re g =1 4%

181. In any triangle prove §* — %= 771; ete.

40, T—=2NTY:
2

182. The base of a triangle is 20 meters, and its altitude
18 meters. It is required to draw a line parallel to the
base so as to cubt off a trapezoid containing 80 square
meters. What is the length of the line of section, and its
distance from the base of the triangle ?

Calling b, the line of section, and z its distance from &,

T =80 =$(20 + b))

Now, b,:20:: 18 + a2 18,
by = 39(18 —2) = 10(18 — ) = 20 — 10z
80 = § (20 + 20 — 202)z = (20 — $)a.
- 720 =180z — Ba.
2?36z = — 144,
218 =320 T4k,
- =18 —V180.
o @—18 —13416 = 4-584,
and b, = 20 — 19 (4-584) — 20 — 5:093 = 14:907.

183. In a perpendicular section of a ditch, the breadth at
the top is 26 feet, the slopes of the sides are each 45° and
the area 140 square feet. Required the breadth at bottom
and the depth of the ditch.
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Here
T =140 = §[26 + 26 — 2] = [26 — z]a.
o 140 = 26x — 2,
L z=18=v169 — 140 = 13 = v/29 — 13 = 5-385 = '7-615.
- b= 26— 15230 = 1077.

184, The altitude of a trapezoid is 23 meters; the two
parallel sides are 76 and 86 meters; it is required to
draw a line parallel to the parallel sides, so as to cut off
from the smaller end of the trapezoid a part containing 560
square meters. What is the length of the line of section,
and its distance from the shorter of the two parallel sides?

Let z equal altitude of required part.

T, = 1[76 -+ 36123 = 1288,
To= 728 = 3[76 + 1] [23 +a].

=L S S L
76 +1 76 +1
Also, T3 =560 = %[36 + {]a.
. 1120
36 +1
L1120 o 1456
36 +1 76+ 1
-, 137,536 4+ 2576 . 1= 62928 4 2576 . 1 + 23 . &7,
62,928
74,608 = 23 . I,
oo P=32438.
ool =56-95.
=120 19048
36 + 56-95

185. The two parallel sides of a trapezoid are 83-2 and
1104 meters; the altitude, 50-4 meters. Find the area.
T'=5227-2 square meters. Ans.

186. The perimeter of a trapezoid is 122 meters. The
non-parallel sides are 36 and 32 meters; the altitude, 304
meters. Find the area. T = 820-8 square meters. Ans.
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187, T'=151'9 square meters, @ = 12'4 meters, b, =186
meters. Find the other parallel side. ‘
by =59 meters. Ans.

188. The altitude and two parallel sides of a trapezoid are
2:8:5,and 7= 1270-08 square meters. Find the parallel
sides. b, = 63 meters; b,=3T'8 meters. Ans.

189. The triangle formed by joining the mid-point of one
of the nQn—parallel sides of a trapezoid to the extremities of
the opposite side is equivalent to half the trapezoid.

~ 190. The area of a trapezoid is equal to half the product
of one of its non-parallel sides; and the perpendicular from
the mid-point of the other upon the first.

191. The line which joins the mid-points of the diagonals
of a trapezoid is parallel to the bases, and equals half their
difference. -

192, Cutting each base of a trapezoid into the same num-
ber of equal parts, and joining the corresponding points,
divides the trapezoid into that number of equivalent
parts.

193, If the mean line of a trapezoid be divided into »
equal parts, and through these points lines, not intersecting
within the trapezoid, be extended to its bases, they cut the
trapezoid into n equal trapezoids.

194. In every trapezoid, the difference of the squares of
the diagonals has to the difference of the squares of the non-
parallel sides the same ratio that the sum of the parallel
sides has to their difference.

195, Let b; be the longer, &, the shorter, of the two parallel
sides in any trapezoid, z; and z, the other two sides, and take
A=
\/(bl“‘ byt-2rt25) (be—brt-2rt-25) (b?bz“zl‘f‘%) (61_52+21*22)-
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by by
- T— L2 AL

Prove 1 —1a)

From the intersection point of by and z, draw a line
parallel to z; the base of the triangle so formed is (b1 — by),
and its other sides are z, and 2,

by 3(3, A:};A.
g EA A
é(bl - 7)2) 2(7)1 - Z)z)
b+ b
o T=%Ya(b - b)=—1T""2 A
bl b =g 0y

196. The two parallel sides of a trapezoid are 184 and
68 meters; the two others, 84 and 72 meters. Find the
area. 6536 square meters. Amns.

197. The diagonal of a symmetric trapezoid is VA by b,

198. The altitude of a trapezoid is 80 meters; the two
diagonals 110 and 100 meters. Tind the area.
54196 square meters. Ans.

Ja®d, +b)=}a(Ve— @+ Vel db)

Hixr. I=

if the area is halved by a line parallel to the bases, find its
length and distance below the shorter base.
[ = 14142 meters, d = T4-97 meters. Ans.

Hixr 1. l—0by: b, —~b,::d:a,
IL. by T bitbay  g0n,
2 2 4
or, I. 7l —2d= 840,
I1. 120d + Ild = 19,600.

Substitute the value of @ from 1. in IT.

meters; if cut by parallels fo & into three similar trapezoids,
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find where the two parallels cut the sides, and find the areas
of the three trapezoids.

I Zé:n, then 1, =nb,
2
ool =nl, =n?b,.
oo by = nly = 0, = n%h, = 39 7% = 312.
=2
ggrzgrziilrlibii 1204

Z.
. =2_5
SoE=e = 50 meters.

2 = f; = 41 meters, etc.

.37 = 4G (a— 90) + (70— ) (o —9) -

T4 (xn — xl) (,%»-1 - ?/n+1) -+ (xn+1 - 331) ([l/n + ,’Vn+1)]‘
201, Find the distance between the points 1 and 2.
Between two points (z1), (223.) the distance

r= V@l G

202, Find the sum of the two right trapezoids determined
by the ordinates of the three points (12:8, 45:6), (789, 13),
(24, 57).

203. If the cross section of an excavation is a trapezoid,
b breadth of top, 4 depth, with side slopes m and = in 1,
which means that one side falls 7 meters vertically for one

meter of horizontal distance ; then show 7'=0/4— Wg‘{ﬂ K.
2mn

20 N =421y — y2) - 2a(th —ys) F 5 (e —ya) +
+ @y (3/%—1 - 7/1)]

204. Prove that a polygon may be constructed when all
but three adjacent parts (1 side and 2 Xs, or 2 sides and

1 X) are given. What theorem for congruence of polygons
follows {rom this?
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205. Find the area of a heptagon from the coordinates of
its vertices, measured as follows:

: Y
1 0 1-72
2 1048 16-84
3 16-26 14-36
4 32:54 484
5 50-02 10-32
6 50-02 0
7 0 0

N =476-21 square meters. Ans.

206. Find the area of an enneagon from the following
measurements.

* Y
1 0 16-96
2 2636 20-04
3 5802 22:16
4 104-00 11-24
5 9748 2:48
6 . 9222 —11-86
7 61-00 — 236
8 3546 — 410
9 9-84 —14-22

Also draw the figure.
IV == 242916 square meters. Ans.

207. Find the area of a pentagon, the codrdinates of whose
vertices are as follows: (183, 917), (261, 825), (486, 916),
(547, 825), (828, 916).
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209, Finci the area of a hexagon from its codrdinates
(719, 813), (512, 852), (719, 454), (513, 116), (720, 242),
(518, 993).

43. 2 Q:xiyg'xzyl‘f"ﬁ’z?/g*xs%‘f"xsfl/(“x4?/3+$4?/1*x1?/4~
210. The area of a quadrilateral inscribed in a circle is
=V(s—a)(s—b)(s—c)(s—d) where s:EtL#Z_C_}——d:%p,

211, If through the mid-point % of the diagonal 5D of a
quadrilateral 4 BCD, FIG be drawn parallel to the other
diagonal AC] prove that the straight line 4G divides the
quadrilateral into two equivalent parts.

212. Show that two quadrilaterals whose diagonals con-
tain the same angle are as the products of their diagonals.

213. A circle of 7 is inscribed in a kite, and another of #'
in the triangle formed by the axis of the kite and the two
unequal sides; show that, if 27 be the length of the other

kite-cdiagonal, 1 1.1
o
214. To find the area of any quadri- M

lateral from one side, and the distances
from that side of the other two ver-
tices, and the intersection-point of the

diagonals.

Given the side AB =25, and the
ordinates from C; D, and £'; namely, vs, 5 3
s, and ys.

Parallel to BD draw OM to intersection with 42D pro-
longed, and drop y,, the ordinate of M.

Then ABCD = A AMB = % by,
But yG:%:AM:AJ):AO:AE:‘]/S:ys;
gy = DY, o Q=

; 9.
Ys RCE
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2
m AI:A;ZI.

2

215. The area of a triangle equals 3259'6 square meters;
one side equals 1124 meters. Find the area of a similar
triangle whose corresponding side equals 28-1 meters.

203725 square meters. Ans.

216. The sides of a triangle are 389-2, 4865, and 291-9
meters. The area of a similar triangle is 2098:14 square
meters. Tind its sides. 74-8, 561, 93'5 meters. Ans.

217, The areas of two similar triangles are 24:36 and
182'7 square meters. One side of the first is 8'5 meters
shorter than the homologue of the second. Find these
sides. 4-88 and 13-38 meters. Ams.

Hixr. 24:36: 182712 (1 — 85 : 4.

218, Two triangles are 21:66 and 48-74 square meters,
and have an equal angle whose including sides in the first
are 7°6 and 5'7 meters. The corresponding sides in second
differ by 27 meters. Find them.

10-8 and 81 meters. Ans.

219. The areas of two similar polygons are 4637 and
18548 square meters. A side of the first is 15 meters
smaller than the corresponding side of the other. Find

these sides. 15 and 30 meters. Ans.
Hint. 46:37:18548: #*: (w + 15)%
_aln ap.
5. N=—5=73

220. The sum of perpendiculars dropped from any point
within a regular polygon upon all the sides is constant.

221. In area, an insceribed 2n-gon is a mean proportional
between the inscribed and circumseribed n-gons,
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222, With what regular polygons can a vestibule be
paved ?

223. If aregular n-gon is revolved about its center through
the % 2, it coincides with itself.
n .

14
224, In a regular n-gon, each X = f — P

46, N,= 12 M.

225. A hexagon is inscribed in a circle, and the alternate
angles are joined, forming another hexagon. Find its area.
\_;§ 1% Ans.

226, What is the arvea of a regular dodecagon whose side
is 54 feet ?

(54)*=2916, and 2916 x 111961524 = 32647-980+. Ans.
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47, © =7

221. There are three circles whose radii are 20, 28, and
29 meters respectively. Required the radius of a fourth
circle whose area 1s equal to the sum of the areas of the

other three.
O, =4007, O =784r, O,=84lr;

O, = 20257 = #Pr; L= /2025 == 45. Ans.

228, If a circle equals 84-36 square meters, find its radius.
3-3 meters. Ans.

229, Two O’s together equal 740:4232 square meters, and
differ by 6838744 square meters. Find radii.
7 =15"056 meters and 7' = 3 meters. Ans.

I 7?4 7r/? = 740-4232,
II. 7 — =/r? = 683-8744.

230, If O be the area of the inscribed circle of a triangle,
®y, ©,, Oy the areas of the three escribed circles, prove

L1 11
VGO,

Vo, Vo, Vo

231, If from any point in a semicircumference a per-
pendicular be dropped to the diameter, and semicircles
described on these segments, the area between the three
semicircumferences equals the circle on the perpendicular
as diameter.

232. The perimeters of a circle, a square, and an equi-
lateral triangle are each of them 12 meters. Find the area
of each of these figures to the nearest hundredth of a square
meter, . 11-46, 9, 6.93 square meters. Ans.
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233. Find the side of a square inscribed in a semicircle.

275, Ans.

284. An equilateral triangle and a regular hexagon have
the same perimeter; show that the areas of their inscribed
circles are as 4 to 9.

235. How far must the diameter of a circle be prolonged,
in order that the tangent to the circle from the end of the
prolongation may be m long? 3 (Vd24mP-—d). Ans.

48. S=1%lr= 5wt

236. I'ind the area of a sector of 68°36' when » ="7-2.
31-03398 square meters. Ans.

237. When circle equals 432 square meters, find sector of
84° 12/ 100-8 square meters. Ans.

Hixr, 432:§::360: 841.

238. Find the number of d.egrees in the arc of a sector
equivalent to the square of its radius,

239, In different cirvcles, sectors are equivalent whose
angles have a ratio inverse to that of the squared radii.

240. Find radius when sector of 7°12'is 2 square centi-
meters.

241, Find sector whose radius equals 25, and the circular
measure of whose angle equals £. 234-375. Ans.

242. The length of the arc of a sector of a given circle is
16 meters; the angle of the sector at center is § of a right
angle. Find sector. 488-9 square meters. Ans.
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49. ¢ — RPOA+E)+TRRE—F)
41

243. AB is a chord of a given circle; if on the radius
C4, which passes through one of its extremities, taken as
diameter, a circle be described, the segments cut off from
the two ecircles by the chord 4B are in the ratio of
4 to 1.

244, Show that, if o is the angle or arc of a segrﬁent, for
2 _
a= 60°, & :%5(2#—3\/8);
2 _
a=120°, G =-= (47 —-3V3);
12
o 7
a= 90° G:;(7r~2);

a= 36°, G =-(4r—5VI0-2VE);

=, PP!
(e

|

a= T, G=7 (87 —5+V10—2V5).

[an)

245. In a segment of 60°, to how many places of decimals
is our approximation correct?

246. Prove that there can be no segment with Z= 120,
=156, =12

247. In a circle, given two parallel chords % and %, and
their distance apart r; find the diameter,
d= ke b
N 4
Hixt. o= Vie=1k and y=Vi®—1k2}
then L o —y=r
IL @ — =1 (k2 - kD).

+ 3 (kP4 kfH217). Ans.
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50.

248, What is the area of a circular zone, one side of which
is 96 and the other 60, and the distance between them
26 (r=>50), when the area of the larger sector is 3217-484,
and of the smaller 1608-736 ? 2136-75. Ans.

51.

249,  HirrocrATES'S THEOREM.

The two crescents made by de-
scribing semicircles outward on
the two sides of a right triangle,
and a semicircle toward them on
the hypothenuse, are equivalent
to the right triangle.

250. The crescent made by deseribing a semicircle on the
chord of a quadrant equals the right triangle.

52, A = (1) (1 — ).

251. A circle of 60 meters diameter is divided into seven
oqual parts by concentric circles; find the parts of the
Tliameter. '

727 = 900 X 3-14159 = 2827-431.

*. outer annulus = @2—7:%3—1 = 403-9186 = (900 — 7.%) .

2 =900 — 2039186 _ g0 198575 _ 771495,

2 3-14159
r, = 2777+
d, = 5555

" 1st part = 60 — 55-55 = 4-450+.
In the same way,  2d part = 4-840,
3d part = 5353+,
4th part = 6:076+, etc,
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252. Find the annulus between the concentric circumfer-
ences, ¢; = 2198 meters and ¢, = 18:84 meters, taking
r=314. A ==10-205 square meters. Ans.

53. S A= 1h(h+b).

253. To trisect a sector of an annulus by concentric circles.

b4, J=3hk.

254, What is the area of a parabola whose base is 18
meters and height 5 meters? 60 square meters. Ans.

255, What is the area of a parabola whose base is 525
meters and height 350 meters?
122,500 square meters. Ans.

55. K = abx.

256. The area of an ellipse is to the area of the circum-
seribed circle as the minor axis is to the major axis.

257. The area of an ellipse is to the area of the inscribed
circle as the major axis is to the minor axis.

258. The area of an ellipse' is a mean proportional between
the inscribed and circumsecribed circles.

259. What is the area of an ellipse whose major axis is
70 meters, and minor axis 60 meters ?
3298-67 square meters. 4ns.

260. What is the area of an ellipse whose axes are 840
and 310°? 82,780-896. Amns.
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Exrrcises AND ProBrEMs oN CmapTER IV.
PoLyHEEDRONS.
56. F+S=C+2.

261. The number of plane angles in the surface of any
polyhedron is twice the number of its edges.

Hixr. Each face has as many plane angles as sides. Tach edge
pertaing, as side, to two faces.

262. The number of plane angles on the surface of a
polyhedron is always an even number.

263. If a polyhedron has for faces only polygons with an
odd number of sides, e.g., trigons, pentagons, heptagons, ete.,
it must have an even number of faces.

264. If the faces of a polyhedron are partly of an even,
partly of an odd number of sides, there must be an even
number of odd-sided faces.

265. In every polyhedron §§ < €.

Hixr. The numger of plane angles on & polyhedron can never be
less than thrice the number of faces.

266. In every polyhedron $& < G.

267. In any polyhedron € 6<3&. »

268. In any polyhedron € +6<37.

269. In every polyhedron € <3 &, and €3 .

270. In a polyhedron not all the summits are more than
five-sided ; nor have all the faces more than five sides.

271, There is no seven-edged polyhedron.
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272. For every polyhedron § =¢ (€ -— §), that is, the sum
of the plane angles is as many perigons as the difference
between the number of edges and faces.

273. For every polyhedron § = (& — 2), just as for every
polygon § =f(n— 2).
274. How many regular convex polyhedrons are possible?

AN
M@

275. In no polyhedron can triangles and three-faced sum-
mits both be absent; together are present’at least eight.

276. A polyhedron without triangular and quadrangular
faces has at least twelve pentagons; a polyhedron without
three-faced and four-faced summits has at least twelve
five-faced.

51. P=1Ip.

277. In a right prism of 9 meters altitude, the base is a
right triangle whose legs are 8 and 4 meters. Find the
mantel.
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278. The base of a right prism 12 meters tall is a triangle
whose sides are 12, 14, and 15 meters. Find its surface.

279. To find the mantel of a truncated prism.

Rule : Multiply each side of the perimeter of the right
section by the sum of the two edges in which it terminates.
The sum of these products will be twice the area.

280. The mantel of a truncated prism equals the axis
multiplied by perimeter of a right section.

281. A right prism 4 meters tall has for base a regular
hexagon whose side is 1-2 meters. Find its surface.

282. In a right triangular prism the lateral edges equal
the radius of the circle inscribed in the base. Show that
the mantel equals the sum of the bases. '

88, C=cl=2mrl.

283. In a right circular cylinder,

(1) Given g and find 7. o Ans.
(2) Given B and O find a. dam

(8) Given Cand o =27; find surface.

(4) Given surface and ¢ =7; find C

(5) Given ¢ and B+ O find 7.

284. The mantel of a right cylinder is equal to a circle
whose radius is a mean proportional between the altitude
of the cylinder and the diameter of its base.

285. The bases of a circular cylinder together are to the
mantel as radius to altitude.

286. If the altitude of a right circular cylinder is equal
to the diameter of its base, the mantel is four times the base.
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287. Find a cylinder equivalent to a sum of right circular
cylinders of the same height.

Hinr. Find a radius whose square equals squares of the n radii.

288. How much must the altitude of a right circular
cylinder be prolonged to make its mantel equal its previous
surface ?

289. A plane perpendicular to the base of a right cylinder
cuts it in a chord whose angle at the center is a; find the
ratio of the curved surfaces of the two parts of the cylinder.

59. Y =1

290. The surface of any regular tetrahedron is to that of
the cube on its edge as 1 to 2.

291. Bach edge of a regular tetrahedron is 2 meters.
Find mantel.

292. Each edge of a regular square pyramid is 2 meters.
Find surface.

293. From the altitude @ and basal edge & of a regular
hexagonal pyramid, find its surface.

3b(3bV3 Va1 d?). Ans.

294. In a regular square pyramid, given p, the perimeter

of the base, and the area A of the triangle made by a basal

diagonal and the two opposite lateral edges; find the sur-

face of the pyramid. L PP+ 3 VB2AT LAt Ans.

60. K= %cﬂ =rrh.

295. The convex surface of a right cone is twice the area
of the base; find the vertical angle.

Here cXEh=2¢X§r.

coh=27r=d.
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Thus the section containing the axis is an equilateral
triangle; so the angle equals 60°. Ans.

296. Find the ratio of the mantels of a cone and cylinder
whose axis-sections are equilateral.

297. Find the locus of the point equally distant from three
given points.

298. In a right cone

(1) Given @ and 7 ; find KA. re Va2 Ans.
(2) Given @ and %; find K. whV i —a® Ans.
(8) Given K and %; find 7. % Ans.
T
299. In an oblique circular cone, given 4, the longest
slant height, 4, the shortest, and ¢, the altitude ; find #, the
radius of the base. ViE(hE+ hi) — b Ans.

300. How many square meters of canvas are required to
make a conical tent which is 20 meters in diameter and 12
meters high ?

Here K — mrh — 314159 X 10 X V144 F 100.

K = 314159 x 15:6205
=490-7320+ square meters. Ans.

61, F=13h(p1+ps).

301. Given a basal edge &, and a top edge by, of the frus-
tum of a regular tetrahedron; also a, the altitude of the
frustum. Find 7, its slant height, and #] its mantel.

F=3(by+b)VE (b — by +4a2 Ans.
302. Same for a regular four-sided pyramid.
=3V(by— b))’ + 402 Ans.
F=(,+b)V(0, — b +4a
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62. F'=14h(er+ ) =wh(r+ ).

303. In the frustum of a right circular cone, given 7y, 7,
and @; find A.

304. In the frustum of a right circular cone, on each base
stands a cone with its vertex in the center of the other base;
from the basal radii » and 7, find the radius of the circle in
which the two cones cut. : 7172 s,

mn+7r2

305. Given &y, by, the basal edges, and /, the lateral edge
of a frustum of a regular square pyramid ; the frustum of a
cone is so constructed that its upper base circumscribes the
upper base of this pyramid-frustum, while its lower base is
inscribed in its lower base. TFind the slant height of the

cone-frustum. V=3B (1 3V2)by by Ans.
306. How far from the vertex is the cross-section which
halves the mantel of a right cone? TaV2. Ans.

307. Reckon the mantel from the two radii when the in-
clination of a slant height to one base is 45°.
(f—rd)w V2. Ans.
308. If in the frustum of a right cone the diameter of the
upper base equals the slant height, reckon the mantel from
the altitude @ and the perimeter p of an axial section.

3—%(]92—{— 1262 ++pVp*—120d%). Ans.

63. F=2maj.

309. In the frustum of a cone of revolution, given 7y, 7y, /;
find a.

. 810. Find the altitude of the frustum of revolution from
the mantel £ and the bases 5, and B,. :
= M Ans.
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311. A right-angled triangle is revolved about an axis
parallel to, and at the distance » from its side ¢ ; the areas
of the circles described by its base are as m ton. Find the
whole surface described by the triangle.

[ Qe ] e

64, H =4 r.

312. Find the surface of a cube inscribed in a sphere
whose surface is .

313. A sphere is to the entire surface of its circumscrib-
ing cylinder as 2 is to 3.

314. Given 7y and 7y, the radil of two section-circles of a
sphere, and the ratio (m:m) of their distances from its

center. ~ Find its radius. = mzﬁz = T97E A
m?—n
315. Find the sphere whose radius is 12:6156 meters.
2000. Amns.
316. Find the sphere whose radius is 19125 meters.
5000. Ans.

317. A sphere is 50-265 square meters; find its radius.
2 meters. Ans.

318, Find a sphere from a section-circle ¢ whose distance
from the center is 7. 225 A7 \w Ans.
T

319. What will it cost to gild a sphere of 22-6 centimeters
radius, if 100 square centimeters cost 87% cents ?

$56:16. Ans.

320. Find the ratios of the mantel of the cone, described
by rotating an equilateral triangle about its altitude, to the

sphere generated by the circle inscribed in this triangle.
3:2. Ans.
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65. Z=2wra.

321. Cut a sphere into n equal parts by parallel circles.
322. In a calot,

(1) Given r and ¢; find r.
(2) Given r and 7; find Z.
(8) Given a and 7;; find Z;.
(4) Given @ and 7; find 2. oV Hr. Ans.

323. In a segment 6 centimeters high, the radii of base
and top are 9 and 38 centimeters. Find area of the zone.

36710 square centimeters. Ans.

324. In a segment of altitude «, and congruent bases,
calling the top and base radii », find the zone.

raVAirg +d Ans.
325. How far above the surface of the earth must a person

be raised to see one-third of its surface ?
Here

a=%d=3r;
and, by similar triangles,

E+TIT=TI7—da
Sogr(etr)=1>~ Sod@Ar)=r.
L x=2,=d. dns.
326. A luminous point is distant 7 from a sphere of radius

7; how large is the lighted surface? 2%  Ans.

T+

327. Find a zone from the radii of its bases 7y, 75, and the

radius of the sphere 7. 2w [Vrf—rf P2 Ans.

328. How far from the center must a plane be passed to
divide a hemisphere into equal zone and calot?
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66. THEOREM oF PAPPUS.

329. An acute-angled triangle is revolved about each side
as axis; express the ratio of the surfaces of the three double-
cones in terms of @, b, ¢, the sides of t}ge trianglb;.

a+6 atc b+4c
‘ : T : P . ATLS.
330. The sides of a symmetric trapezoid are by, b, and z.

Express the surface generated by rotating the trapezoid
about one of the non-parallel sides.

7;’ (b2 - b2+ bzt by2) Vg — & (by— by). Ans.

67. O=4atry,

331. An equilateral triangle rotates about an axis with-
out it, parallel to, and at a distance a from one of its sides &.
Find the surface thus generated. br(bV3 4 6a). Ans.

332. A rectangle with sides @ and b is revolved about an
axis through one of its vertices, and parallel to a diagonal.
Find the generated surface. 4abr(a+ Z’). Ans.

V&5
% (L). SPHERICS AND SOLID ANGLES.
68. & =27%u.

333. Find the area of a lune whose angle is 36°.
: 2777, Ans.

334. Find lune of 36° when » = 1-26156. 2. Ans.

69.

335. A conical sector is one-fourth of a globe; find its
solid angle. 90°. Ans.
Find the vertex-angle of an axial section. 120°. Amns.

Hixt. By 65, Cor. 2, generating arc = 60°.
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0. A=e

336. If two angles of a spherical triangle be right, its
area varies as the third angle.

337. In a cube each solid angle is one-eighth of a stere-
gon. (TFor eight cubes may be placed together, touching at
a point.)

338. TFind the ratio of the solid angle of a regular right
triangular prism to the solid angle of a quader. 2:8. Ans.

339. Tind the ratio of the trihedral angles of two regular
right prisms of 7 and n sides. (m —2) % s
(n—2)m

340. Find the area of a spherical triangle from the
radius 7, and the angles a=20°9'30", B=>55°53'32",

v =114°20"14". 0181372 Ans.
341. Given 7, and a="78°12'8", B=85°8'14", y=
32°9718"; find A. 0-185937% Ams.
342. Given 7, and o =114° 20’ 5"-92, B=230° 57’1841,
v=90° 9" 41"-67; find A. 10-96787% Amns.

343. Spherical triangles on the same base are equivalent
if their vertices lie in a circumference passing through the
opposite extremities of sphere-diameters from the ends of
the base.

344. All trihedral angles having two edges common, and
their third edges prolongations of elements of a right cone
containing the two common edges, are equivalent.

Proof : On the edges of a trihedral angle take S4, 8B,
SCequal; and pass through the three extremities a circle
ABC of center 0. Join SO, and suppose three planes to
start from SO and to pass one through each edge of the
trihedral angle. These planes form three new trihedrals
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having a common summit S, and one common edge SO. In
each of these are a pair of equal dihedral angles, since each
stands on an isosceles tri-
angle with vertex at O.

Thus,
BAO=ABO . (1)

CB.O =BGO . (2)
AGO =C4,0 . (3)

Therefore,

AB,C+ CA;B—BC.A
=AB,0+CB;0
+C0A,0+BAO
— B0 —ACO
=AB,0 +BA0
=2B4,0. . . (4)

Now, 284,0 remains
constant as long as the
summit S of the trihe-
dral, the two edges BS
and AS and the center
O of the circle are unchanged; and equation (4) holds as
long as the edge SC passes through the circumference.

But ABC=31Q—-ABC . . . . . . ()
BAC=3}2-BAC . . . . . . (8
BOA=BCLA. . . . . . . . (7

Making the substitutions (5), (8), (7), equation (4) be-

comes
AB:C' + BA,C'+ BCs A= Q — 2 BAO0.

The second member is constant; therefore, in the trihe-
dral SABC", the sum of the three interior angles, and
consequently the area of its intercepted spherical triangle,
is constant.
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345. BEquivalent spherical triangles upon the same base,
and on the same side of it, are between the same parallel
and equal lesser circles of the sphere.

346. The locus of B, the vertex of a spherical triangle of
given base and area, is a lesser circle equal to a parallel
lesser circle passed through 4 and C the extremities of the
given base.

347. Find the spherical excess of a triangle from its area

and the radius. o 7%_ 180°. Ans.
77T

348. Find the ratio of the spherical excesses of two equiv-

alent triangles on different spheres. e o= r¢ L. Ans.

349. A spherical triangle whose
a=91°12'17", B=120°9'41", v=100°42'2",

contains 8,962 square meters. Find the sphere.
21,600 square meters. Amns.

N, N=["—(n—2)=]:~

350. Find the ratio of the vertical solid angles of two
regular pyramids of mn dnd n sides, having the inclinations
of two contiguous faces respectively, « and 8.

2r —m (T —a) A
- . Ans.
27 —n(r—fB)

351. What is the area of a spherical pentegon on a sphere

of radius 5 meters, supposing the sum of the angles 640°?
48-633 square meters. Ans.
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Exercises AND ProBrEMS oN CHAPTER V.
92. U=qabl.

352. The diagonal of a cube is 7; find its volume.

353. Find the volume of a cube whose surface is 39402
square meters,

354. The edge of a cube is n; approximate to the edge
of a cube twice as large. :

355. Find the edge of a cube equal to three whose edges
are-a, 0, I

356. Find the cube whose volume equals its superficial
area.

357. If a cubical block of marble, of which the edge is 1
meter, costs 1 dollar, what costs a cubical block whose edge
is equal to the diagonal of the first block.

8+/3 dollars. Ans.
358. In any quader,

(1) Given a, b, and mantel; find U.
(2) Givena, b, U; find 7.
(8) Given U, B, and (ab); find { and b.
(4) Given U, (%), (ZZ) ; find @ and .
(5) Given (ab), (al), (b0); find @ and b.

359, If 97 centimeters is the diagonal of a quader with
square base of 43 centimeters side, find its volume.

Hixt. a?= (97— 2(43)%



202 MENSURATION.

360. What weight will keep under water a cork quader
55 centimeters long, 48 centimeters broad, and 97 centi-
meters thick, density 0-24?

229-405 — 55-0572 kilograms. Amns.

361. The volume of a quader whose basal edges are 12
and 4 meters is equal to the superficial area. TFind its
altitude.

362. In a quader of 360 square meters superficial area
the base is a square of 6 meters edge. Find the volume.

363. A quader of 864 cubic centimeters volume has a
square base equal to the area of two adjacent sides. Find
its three dimensions.

364. In a quader of 8 meters altitude and 160 square
meters surface the base is square. Find the volume.

365. The volume of a quader is 144 cubic centimeters; its
diagonal 18 centimeters; the diagonal of its base 5 centi-
meters. I'ind its three dimensions.

366. In a quader of 108 square meters surface the base
equals the mantel. Find volume.

367. If in the three edges of a quader, which meet in an
angle, the distances of three points 4, B, and O from that
angle be «, b, ¢; then triangle 4 BCO=3} Va2 bB+a? b2

368. How many square meters of metal will be required
to construct a rectangular tank (open at top) 12 meters
long, 10 meters broad, and 8 meters deep. 472, Ans.

369. The three external edges of a box are 8, 252, and
1-523 meters. It is constructed of a material O-1 meters in
thickness. Find the cubic space inside.

8:594208 cubic meters. Amns.
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g kg
78, §=__=2_"
Vccm Vl
370. A brick 11 centimeters long, 8 centimeters broad, 2
centimeters thick, weighs 45 grams; find its density.

371. A cube of pine wood of 12 centimeters edge weighs
1 kilogram ; find the density of pine. 0-57. Ans.

872. If a mass of ice containing 270 cubic meters weighs
229,000 kilograms, find the density of ice. 0-92. Ans.

878. If a cubic centimeter of metal weighs 69 grams,
what 1s its density ?

74. V. P =qabl.

374. If the base of a parallelepiped is a square, find the
altitude @ and basal edge & from the volume and mantel.

75, V.P=aB.

375. The base of a prism 10 meters tall is an isosceles
right triangle of 6 meters hypothenuse; find volume.

376. In a prism whose base is 210 square meters, the
three sides are rectangles of 336, 300, 204 square meters;
find volume.

377. Find altitude of a right prism of 480 cubic centi-
meters volume, standing upon an isosceles triangle whose
base is 10 centimeters and side 13 centimeters.

378. In aright prism of 54 cubic centimeters volume, the
mantel is four times the base, an equilateral triangle; -find

basal edge.
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379. The vertical ends of a hollow trough are parallel
equilateral triangles, with 1 meter in each side, the bases
of the triangles being horizontal. If the distance between
the triangular ends be 6 meters, find the number of cubic
meters of water the trough will contain.

: 2:598 cubic meters. Ams.

76. V. C = a?r.

380. In a right circular cylinder,

(1) Given o and ¢: find V. C. Zf  Ans.
(2) Given ¢ and C; find V. . =7
(8) Given (V. 0) and C; find 7.
V.C=arn, .. a :Klﬁ
T
C=a2rm, .. a:,—(—j—.
. 2rm
YOo_ o ., _2vg
ot 2w c 5

381. If C'=91-84 square meters, and V.0 =145 cubic
meters, find a. o = 4-628986 meters. Ans.

382. A right cylinder of 50 cubic centimeters volume has
a circumference of 9 centimeters; find mantel and volume.

383. In a right cylinder of 8 cubic centimeters the man-
tel equals the sum of the bases; find altitude.

384. If in three cylinders of the same height, one radius
is the sum of the other two, then one curved surface is the
sum of the others, but contains a greater volume,

385. Find the ratio of two cylinders when the radius of
one equals the altitude of the other.

386. Find the ratio of two cylinders whose mantels are
equivalent.
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387. If 1728 cubic meters of brass were to be drawn into
wire of one-thirtieth of a meter in diameter, determine the

length of the wire.
Here

1 a™
1798 = apr = m)%: )
28 =ar'm=a\ o 3600

= 1728 % 3600 = 1,980,145 meters, Ans.

, . -

388. What must be the ratio of the radius of a right
cylinder to its altitude, in order that the axis-section may
equal the base ? 2. Ans.

389. A cylindric glass of 5 meters diameter holds half a
liter; find its height.

390. A rectangle whose sides are 3 meters and 6 meters
is turned about the B-meter side as axis; find the volume
of the generated cylinder.

391. The diagonal of the axis-section of a right cylinder
is 5 centimeters; the diameter of its base is three-fourths
its height. TFind its volume.

392. In a right cylinder, from 4, the area of the axis-
section, recken the area of that section which halves the
basal radius normal to it. 1 AV3. Ans.

393. The longest side of a truncated circular cylinder of
15 meters radius i1s 2 meters; the shortest, 1-75 meters.
Find volume.

394. If a room be 40 meters long by 20 meters broad,
what addition will be made to its cubic contents by throw-
ing out a semicircular bow at one end ?

2518.28 cubic meters. Ans.

395. The French and German liquid measures must be
cylinders of altitude twice diameter. Find the altitude for
measures holding 2 liters, 1 liter, and  liter.

216-7, 1721, and 1365 millimeters. Ans.
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396. The German dry measures must be cylinders of alti-
tude two-thirds diameter. Find diameter of a measure
containing 100 liters. 5759 millimeters. Ans.

397.- In the French grain measure the altitude equals
diameter. TFind for hectoliter. 503-7 millimeters. Amns.

77. V. Gl — V. 02 = am (7'1 + 7‘2)(7'1 - 7”2).

398. How many cubic meters of iron are there in a roller
which is half a meter thick, with an outer circumference of
61 meters, and a width of 87 meters? (= =22).

1353 cubic meters. Ans.

399. Find the amount of metal in a pipe 3-1831 meters
long, with 7 = 12 meters and 7, = 8 meters,
‘800 cubic meters. Amns.

400. The amount of metal in a pipe is 175-9292 cubic
meters, its length is 8-5 meters, and its greater radius is
5 meters. Find its thickness. 2 meters. Ans.

78. SECTIONS SIMITAR.

401. A regular square pyramid, whose basal edge is b,
is so cut parallel to the base that the altitude is halved;
find the area of this cross-section.

402. A section parallel to the base of a cone (base-radius
7), its altitude in the ratio of 7 to n. Find the area of this
’)77427“277'
(m+n)*

403. On each of the bases of a right cylinder, radius 7,
stands a cone whose vertex is the center of the other base.
Find the circumference in which the cone-mantels cut.

rw. Ans.

sectlon. Ans.
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79. ILQuivALENT TETRAHEDRA.

404. If a plane be drawn through the points of bisection
of two opposite edges of a tetrahedron, it will bisect the
tetrahedron.

80. V.Y =%aB.

405. A pyramid of 9 decimeters altitude contains 15%
cubic meters; find its base. 52.5 square meters. Amns.

406. The pyramid of Memphis has an altitude of 73
Toises; the base is a square whose side 13 116 Toiges. If

a Toise is 1-95 meters, find the volume of this pyramid.
About 2,427,780 cubic meters. Ans.

407. A goldsmith uses up a triangular pyramid of gold,
density 19-325, and charges $900 a kilogram. What is his
bill if the altitude of the pyramid is 4 centimeters, the alti-
tude of its base 4 millimeters, and the base of its base 1:5
centimeters. $6-973. Ans.

408. Find the volume of a pyramid of 80 meters altitude,
having for base a right triangle of 25 meters hypothenuse
and 7 meters altitude.

81. V. K = }arr.

409. In a right circular cone,

(1) Given r and ; find V. K. Y2V —% Ans.

(2) Given g and ; find V. K. Yow (B — a®). Ans.

(8) Given » and &; find V. K. FrV K42 Ans.
2 72

(4) Given hand 5 fnd VK. B2 it L s

(6) Given e and K; find V. K. %r(a[ g—}—%- %2:] Ans.
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410. A cone and cylinder have equal surfaces, and their
axis-sections are equilateral ; find the ratio of their volumes.
3d*m
=

2
Surface of cylinder = d’2£ + d%7 =

I O i
A R
s h=dV2.

Surface of cone

411. In a triangular prism of 9 meters altitude, whose
base has 4 square meters area and 8-85437 meters perimeter,
a cylinder is inscribed. Find the base and altitude of an

equivalent cone whose axial section is equilateral.
B =17-1286 square meters, o = 4-043738 meters. Ans.

412. Find the edge of an equilateral cone holding a liter.
164 centimeters. Ans.

413. Halve an equilateral cone by a plane parallel to the
base. )

414. Find the ratio of the volumes of the cones inscribed
and circumscribed to a regular tetrahedron whose edge is n.

(N3)
(%)

82. PrIsMOIDAL FORMULA :. D=%a(B+4 M+ B,).

415. Find the volume of a rectangular prismoid of 12
meters altitude, whose top is 5 meters long and 2 meters
broad, and base 7 meters long and 4 meters broad.

220 cubic meters. Ans.

416. In a prismoid 15 meters tall, whose base is 36 square
meters, the basal edge is to the top as 8 to 2. Find the
volume. 380 cubic meters. Ans.
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417. Every regular octahedron is a prismatoid whose
bases and lateral faces are all congruent
equilateral triangles. TFind its volume in

terms of an edge b. P3V3. Ans.

418. The bases of a prismatoid are con-
gruent squares of side b, whose sides are
not parallel; the lateral faces are eight
isosceles triangles. Find the volume.

A%abZ (24 V2). Ans.

419. If, from a regular icosahedron, we
take off two five-sided pyramids whose
vertices are opposite summits, there re-
mains a solid bounded by two congruent
regular pentagons and ten equilateral tri-
angles. Find its volume from an edge 2.

03(b+ 2\/5) Ans.

420. Both bases of a prismatoid of altitude « are squares;
the lateral faces isosceles triangles; the sides of the upper
base are parallel to the diagonals of the lower base, and
half as long as these diagonals; b is a side of the lower base.
Find the volume. Sab® Ans.

421. The upper base of a prismatoid of altitude @ =6 is

a square of side b, = 7-07107; the lower base is a square of
side b, = 10, with its diagonals parallel to sides of the upper
base ; the lateral faces are isosceles triangles. Find volume.
Ya (b 4 010y V2 - b3) = 500. Ans.

422. Every prismatoid is equivalent to three pyramids of
the same altitude with it, of which one has for base half the
sum of the prismatoid’s bases, and cach of the others its

midecross section.
' J):.}a<§1 k B, | 2J[)

19
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423. Every prismoid is equivalent to a prism plus a
pyramid, both of the same altitude with it, whose bases
have the same angles as the bases of the prismoid; but the
basal edges of the prism are half the sum, and of the pyramid
half the difference, of the correspornding sides of both the
prismoid’s bases.

424. If the bases of a prismoid are trapezoids whose mid-
lines are b, and b,, and whose altitudes are a; and «ay,

Do Bt bty 4 iy b by
2 2 2 2

83. V. T =3}a(B,+VB B+ By).

425. A side of the base of a frustum of a square pyramid
is 25 meters, a side of the top is 9 meters, and the height is
240 nieters. Required the volume of the frustum.

Here V. F =1%240(625 + 225 + 81)

=80 x 931 = 74,480 cubic meters. Ans.

426. The sides of the square bases of a frustum are 50
and 40 centimeters; each lateral edge is 30 centimeters.
Find the volume. 59-28 liters. Amns.

427. In the frustum of a pyramid whose base is 50 square
meters, and altitude 6 meters, the basal edge is to the cor-
responding top edge as 5 to 8. Find volume.

588 cubic meters. Ans.

428. Near Memphis stands a frustum whose height is
142:85 meters, and bases are squares on edges of 185-5
and 3:714 meters. Find its volume.

429. In the frustum of a regular pyramid, volume is 327
cubic meters, altitude 9 meters, and sum of basal and top
edge 12 meters. Find these. 7 meters and 5 meters. Ans.
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430. In the frustrum of a regular tetrahedron, given a
basal edge, a top edge, and the volume. Find the altitude.

84. V. F=tar(r?+rre+1d).
431. Divide a cone whose altitude is 20 into three equiv-
alent parts by planes parallel to the base.

Volume of whole cone = 47w 20.
Volume of midcone  =37°7(20 —a).

s (20 —a) = 3720,

But 7:20=1:20—a.
T, = N-a,
20
(20—ap _40
400 3’

(20— ay = @ = 5333-333+.
20— ¢ = V53338331 = 17471+

. a=2-528+.

In the same way, al= 3-604+.

TaroreEM oF CravIvs.

432. The frustum of a cone equals the sum of a cylinder
and cone of frustral altitude whose radii are respectively
the half-sum and half-difference of the frustral radii.

V.F=ar wz 2»{*%(171’ T 2.
2 2

This is a formula convenient for computation.

433. A frustum of 8 meters altitude, with n =4 and
1 =2, is halved by a plane parallel to the base. Find
radius of section and its distance from top of frustum.

g = '\/86 ; g == 4 —\/36 - 8- AW’S'
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434, In a frustum of 38 meters altitude and 63 culzic me-
ters volume, 74 = 27,; find 7. 3 \/ ; s
m

435. In the frustum where o = 8 meters, == 10 meters,
7, = 6 meters, the altitude is cut into four equal parts by
planes parallel to the base. Find the radii of these sections.

Hixt. The altitude of the completed cone is 8 4 12 = 20, and of
the others, 18, 16, 14. .. by similar triangles,

20:18:16:14::10:9:8: 7.
7, 8, 9 meters. Ans.

436. The frustum of an equilateral cone contains 2 hec-
toliters, and is 40 centimeters in altitude. TFind the radii.
27-785 and 50-879 centimeters. Ans.

85. PrismorpaL Formurna: D =4%a(B,+4 M -+ By).

437. A solid is bounded by
the triangles ABC, UBD, the
parallelogram ACDE, and the
skew quadrilateral B A LD
whose elements are parallel to
the plane BCD. Tind its vol-
ume. Ya.ABC Ans.

The skew quadrilateral is part of a warped surface called the
hyperbolic paraboloid.

438. A tetrahedron is bisected by the hyperbolic parabo-
loid whose directrices are two opposite edges, and whose
plane directer is parallel to another pair of opposite edges.

439. A solid is bounded by a parallelogram, two skew
quadrilaterals, and two parallel triangles; find its volume.
fa(L+Ay). Ans.
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440. Twice the volume of the segment of a ruled surface
between parallel planes is equivalent to the sum of the
cylinders on its bases, diminished by the conc whose ver-
tex 1s in one of the parallel planes, and whose elements are
respectively parallel to the lines of the ruled surface.

86. W=1taw(2b -+ by).

441. A wedge of 10 centimeters altitude, 4 centimeters
edge, has a square base of 36 centimeters perimeter. Find
volume.

442. The three parallel sides of a truncated prism are 8,
9, and 11 meters. The section at right angles to them 1s a
right-angled triangle, with hypothenuse 17 meters, and one
side 15 meters. Iind volume.

443. The volume of a truncated regular prism is equal to
the area of a right section multiplied by the axis or mean
length of all the lateral edges.

bttt
n

444. To find the volume of any truncated prism.

Rule : Multiply the length of each edge by the sum of
the areas of all the triangles in the right section which have
an angular point in that edge. The sum of the products
will be three times the volume.

Formula : 3V =3Al"

87. X=%al.

445. Given V, the volume of a parallelepiped; in each
of two parallel faces draw a diagonal, so that the two diag-
onals cross. Take the ends of these as summits of a tefra-
hedron, and find its volume. 3V. Ans.
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88. V. H—4m?

446. Find the volume of a sphere whose superficial area
18 20 meters.

447. Find the radius of a sphere equal to the sum of two
spheres whose radii are 8 and 6 centime_ters.
39 centimeters. Ans.

448. Find the radius of a golden globe, density 19-85,
welghing a kilogram.

449. A solid metal globe 6 meters in diameter is formed
into a tube 10 meters in external diameter and 4 meters in
length. TFind the thickness of the tube. 1 meter. Ans.

450. If a cone and hemisphere of equal bases and alti-
tudes be placed with their axes parallel, and the vertex of
the cone in the plane of the base of the hemisphere, and be
cut by a plane normal to their axes, the sum of the sections
will be a constant.

ArcHIMEDES THEOREM.

451. Cone, hemisphere, and cylinder, of same base and
altitude, are as 1:2: 8.

452. The surfaces and the volumes of a sphere, a circum-
scribed right eylinder, and a circumscribed right cone whose
axial section is an equilateral triangle, are as4:6:9. There-
fore, the cylinder is a geometric mean between the sphere
and cone.

Hixr. H =47, V. H = 4597,
0+ 2B =67 V.0 =80
K+ B =97 V. K = 2s°r,

4537 A quader having a square base of 5 centimeters
edge, is filled 23 centimeters high with water. Into it is
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put an iron ball going fully under the water, which rises
13-:3972 centimeters. Find the diameter of the sphere.

d3m
)

= 5% x 13-3972.

89, V. G =tar[3(r?+ 7+ ]

454. If a heavy globe, whose diameter is 4 meters, be let
fall into a conical glass, full of water, whose diameter is 5
meters and altitude 6 meters, it is required to determine
how much water will run over.

The slant height of the cone

h= /36 + 625 = V4225 = 65.
If @ is the altitude of the dry calot,

65:25=6—(2—a): 2.
13=10 +25a.
Loa=12

But.dry segment equals
ar(r—%to)=1447(2—04)=144716 = 2:304 7 = 7-2382233+.
But V. H =} d*r = 335104

.. volume of segment immersed is
26-272+ cubic meters. Ans.

455. A section parallel to the base of a hemisphere bi-
sects its altitude; find the ratio of the parts of the hemi-

sphere. 5:11. Ans.
456. A sphere is divided by a plane in the ratio 5 : 7.
In what ratio is the globe cut? 325 : 539. Amns.

457. A calot 8 centimeters high contains 1200 cubic
centimeters; find radius of the sphere.

7—5 cubic centimeters. Ans.
s
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458. Find the volume of a segment of 12 centimeters

altitude, the radius of whose single base is 24 centimeters.
7 =380 centimeters ;

V. G=-014976 7 cubic meters. 4dns.

459. In terms of sphere-radius, find the altitude of a
calot » times as large as its base. o= <'n — 1)21‘. Ans.
n
460. Find the ratio of the volume of a sphere to the vol-
ume of its segment whose calot is 7 times its base.

V.H:to V.G::0f: (n—-12%(n+2). Ans.

461. Find volume of a segment whose calot is 15-085
square meters, and base 2 meters, from sphere-center.

V. G =5-787025 cubic meters. Amns.

462. In a sphere of 10 centimeters radius, find the radii
7y and 75 of -the bage and top of a segment whose altitude is
6 centimeters, and base 2 centimeters, from the sphere-
center. 7= 4~/6 centimeters, 7, =6 centimeters. Ans.

463. Out of a globe of 12 centimeters radius is cut a seg-
ment whose volume is one-third the globe, and whose bases
are congruent and 8 centimeters apart; find the radius of

bases. n=ry=4 \[ 2 <§ — %> centimeters. Ams.

m

90, V. S = $ras’
464. In a spherical sector,

(1) Given 7, 7, 75; find V. 8.
(2) Given a, 7y, 79; find V. 8.

465. In a sphere of radius 7, find the altitude of a seg-
ment which is to its sector as » to m.

(3, [p_ 2w
.a—T<§:i: i m) Ans
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466. A sector is 1 of its globe, Whose diameter is d; find

the volume of its segment. V.G= 7% <8—7L_—> Ans.
7

467. A sphere of given volume V7 is cut into two seg-
ments whose altitudes are as m to n; find both calots
and 2z, and the segments.

o = n+ Y367V, zzzm”
_m*(m+3n) 1. 7 (Sm—{—n)
1 —‘—-—(m + %>3 V, Gz (777/ + ’n>3 V. Ans.

91. % =%%u.

468, Find the volume of a spherical ungula whose radius

is 7-6 and 2 18°12". 92:958. Amns.
469. X =26°6', »=132. Findv. - 698-45. Ans.
470, A lune of 192 square meters has radius 15 meters;
find volume of the ungula. 960 cubic meters. Ans.
471. Given L and 7; find 3. = %r Amns.
472. Given v and +; find X. X :2’;305. Ans.
m
473. Given L and X ; find . b} :L\lO;E. Ans.
¥

92, V=1r%.

474, In a spherical pyramid given the angles of its tri-
angular base, a="T8°15" B=144°30", y=108°15', and
given r=10-8; find Y. 1106-61. Ans.

475. Given a, 3, v, and A findy. 23\/5_A Amns.
em
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476. A = 486, o = 84° 13/, B = 96°27/, v =112°20";

find Y. 2543-06. Amns.
471. Given 7=88, a=106°30', 8=120°10", y=150°15",
8=112°5'; find the four-faced Y. 511-433. Ams.

93. THEOREM OF PAPPUS.

478. If an equilateral triangle whose sides are halved
by a straight line rotates about its base, the two volumes
generated are equivalent.

479. A trapezoid rotates first about the longer, then
about the shorter, of its parallel sides; the volumes of the
solids generated are as m to n. Tind the ratio of the
parallel sides. 2n—m 4o

2m—n

94, V. O = 2x%br.

480. Find the volume of a solid generated by rotating a
parallelogram about an axis exterior to it; given the area
of the parallelogram [7, and the distance r of the inter-
section-point of its diagonals from the axis.  2wr[J. Ams.

481, The volume of a spiral spring, whose cross-section
is a circle, equals the product of this generating circle by
the length of the helix along which its center moves.
The helix is the curve traced upon the surface of a cir-
cular cylinder by a point, the direction of whose motion
makes a constant angle with the generating line of the

cylinder.

482. A regular hexagon rotates about /, one of its sides;
find the volume generated. 5P, Ans.
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Vaal®

as

95, =
483. Any two similar solids may be so placed that all
the lines joining pairs of homologous points intersect in a
point. Every two homologous lines or surfaces in the two

solids are then parallel.

484. Any two symmetric solids may be so placed that
all the lines joining pairs of homologous points intersect
in a point. This point bisects each sect. KEvery two ho-
mologous lines are then parallel.

485. Three persons having bought a sugar-loaf, would
divide it equally among them by sections parallel to the
base. It is required to find the altitude of each person’s
share, supposing the loaf to be a cone whose height is 20.

13-8672, 3-6044, and 2.5284. Ans.

Let altitude of upper cone equal #, and its volume equal 1.

Now
’ 1:3=a8: 208

. 2= V/2666-666 = 13-867+.

96. IRREGULAR SOLIDS.

486. When a solid is placed in a square quader of basal
edge 6 meters, the liquid, rising 3-97 meters, covers it;
find its volume.

ccm:gg
97. V 5

487. How much mercury, density 13-60, will weigh 7-59
grams?

488. If the density of zinc is 719, find how much weighs
8-83 kilograms.
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98. 1 =1{ao( By — By) + a5( By — By) - ete.
+ 20 (Boor — Boa) + Zpia (B -+ Bop) ]
4% [%M + (2 — %)M + (934 - 373)]1[3 + ete.
+ (@pgr — 2,) M.

489. If the areas of six parallel planes 2 meters apart
are 1, 8, 5, 7, 9, 11 square meters, and of the five mid-sec-
tions 2, 4, 6, 8, 10 square meters, find the whole volume.

99, A,= g+ mz+ na® -+ fak

490. Find an expression for the volume of a semicubic
paraboloid generated by the revolution of a semicubic
parabola round its axis. In this curve y* oc 2%, the revoly-
ing ordinate being .

491. A paraboloid and a semicubic paraboloid have a
common base and vertex; show that their volumes are as

2:1.

492. A vessel, whose interior surface has the form of a
prolate spheroid, is placed with its axis vertical, and filled
with a fluid to a depth %; find the depth of the fluid when

the axis is horizontal.

493, A square-threaded screw, with double thread, is
formed upon a solid cylinder 8 meters in diameter; the
thread projects from the cylinder % of meter, and the
screw rises 3 meters in four turns. Find the volume, if
the screw be 9 meters in length.

494, Find the volume of a square groin, the base of
which 1s 15 meters square, and the guiding curve a semi-
circle.

495. The prismoidal formula applies to any shape con-
tained by two parallel bases, and a lateral surface generated
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by the motion of a parabola or cubic parabola whose plane
is always parallel to a given plane, but whose curvature
may pass through any series of changes in amount, direc-
tion, and position.

496. No equation of finite degree, representing a bounding
surface, can define the limits of applicability of the pris-
moidal formula, because surfaces of higher degrees enclose
prismoidal spaces. '

100. 7= %(Bl +843,) = j_;(Ber 34a).

497. Show how existing rules for the estimation of rail-
road excavation may be improved.

101, &= a5 (e +Ya+ Yo) + Yaton s+ ys -+ yr)-

498. If a parabolic spindle is equal in volume to one-fifth
of the sphere on its axis as diameter, show that its greatest
diameter is equal to half its length.

499. A parabolic spindle is placed in a cylinder half-full
of water, the greatest diameter of the spindle being equal to
that of the interior of the cylinder; find the height of the
cylinder so that the water may just rise to the top.

500. A vessel, laden with a cargo, floats at rest in still
water, and the line of flotation is marked. Upon the re-
moval of the cargo every part of the vessel rises 8 meters,
when the line of flotation is again marked. From the
known lines of the vessel the areas of the two planes of
flotation and of five intermediate equidistant sections are
calculated and found to be as follows, the areas being ex-
pressed in square meters: 3918, 3794, 3661, 3517, 3861,
3191, 8004. TFind the weight of the cargo removed.
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Exercises AND ProBreMs onN Cmarrer VIII

501. A square on the line & is divided into four equal
triangles by its diagonals which intersect in ¢'; if one tri-
angle be removed, find the #C of the figure formed by the
three remaining triangles. OF, = g Ans.

Hixt. For such problems let L be the #C' of the part left, and O
of the part cut out; then )

CL x area left = CO X area cut out.

502. If a heavy triangular slab be supported at its an-
gles, the pressure on each prop will be one-third the weight
of the slab.,

503. A weight o is placed at any point O upon a trian-
gular table 4 BC (supposed without weight).
Show that the pressures on the three props
(viz., 4, B, ) are proportional to the areas
of the triangles BOC, AOC, AOB respec-
tively.

Draw the straight lines AOF, BOII,

COE; and let A, B', C' be the pressures at
4 B B A, B, Crespectively. Then

' COF =0 X OF.
. ¢'_A40B
"w ABC
Similarly, for A" and B'.
504. The mid-point of one side of a square is joined with

the mid-points of the adjacent sides, and the triangles thus
formed are cut off ; find the #C of the remainder.
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505. If two triangles stand on the same base, the line
joining their #C"s is parallel to the line joining their ver-
tices.

506. I'ind the distance from the base of the #C' of four
uniform rods forming a trapezoid, the two parallel sides of
which are respectively 12 meters and 80 meters long, and
the other sides each 15 meters long. 5} meters. Ans.

507. The altitude of the segment of a globe is a; find
height of #C of its zone. Ya. Ans.

508. Find #C of a hemisphere.
509. Find #C of cylinder-mantel.
510. Find #C of cone-mantel.

511. If a body of density 8 weighs o, express the distance
of its #C' from its midcross-section. (B, — B8 Ans

120
512. Find the #C of a portion of a parabola cut off by a

line perpendicular to the axis at a distance A from the ver-

tex. 2$h. Ans.

513. Find the #C of the segment of a globe at a distance

b from the center. 3(r+ b)f Ans.
4(2r+0)

514. Find the distance from vertex of the #C of half a
prolate spheroid.

515. A right circular cone, whose vertical angle is 60°
is constructed on the base of a hemisphere; find the #C of
the whole body.

516, Show that the compound body of the last exercise
will rest in any position on its convex spherical surface.

517. Every body or system of particles has a #C, and
cannot have more than one.
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518. I'ind the #C of any polygon by dividing it into tri-
angles.

519. If the sides of a triangle be 3, 4, and 5 meters, find
the distance of #C from each side. %, 1, $ meter. Ans.

» 5

MISCELLANEOUS.

520. Find both sides of a rectangle from their ratio m : n,
and its area R. > )
a:.\/mﬁ; B :\/nR_ Ans.
n m

521. If two triangles have one angle of the one equal to
one angle of the other, and the sides about a second angle
in each equal, then the third angles will be either equal or
supplemental.

522. Two triangles are congruent, if two sides and a
medial in the one are respectively equal to two sides and a
corresponding medial in the other.

523. Two triangles are congruent, if three medials in one
equal those in the other.

" 524. On a plane lie three tangent spheres of radius r;
upon these lies a fourth of radius #'. How high is its cen-
ter above the plane, and how large at least is 7/, since the
sphere does not fall through ?



LOGARITHMS.

183. The logarithm o of a number » to a given base b
is the index of the power to which the base must be raised
to give the number :

So, if 6*=mn, then *logn=ua, or the b-logarithm of n
is a.

134, Plogh =1. Plogl=0.
135, Plogmn = Plogm + Plogn.
136. "log'% — 2logm —Plogn.
137, Plogn? =p X Plogn.
138. Plogn? tZ% X *logn.
139. Yogn ="logn X ;lolg o

ogl is called the moduwlus or multiplier for transform-
0

ing the log of a number to base b to the log of same number
to base /.

140, The base of the common system of logarithms is 10.

Y]og(n x 107) ="logn + p.
141, log (n +10?) =Plogn — p.

142, The mantissa is the decimal part of a logarithm.
The characteristic is the integral part of a logarithm.
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The logs of all numbers consisting of the same digits in
the same order have the same mantissa.

143. The characteristic of the log of a number is one less
than the number of digits in the integral part.

144, When the number has no integral figures, the
characteristic of its log is negative, and is one more than
the number of cyphers which precede the first significant

digit; that is, the number of cyphers (zeros) immediately
after the decimal point.
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10
11
12
13
14

15
16
17
18
19

20
21
22
23
24

25
26
7
28
29

30
31
32
33
34

[¢)

0000
0414
0792
1139
1461

1

2

3

4

- b

6

7

8

9

PP

0043
0453
0828
1173
1492

0086
0492
0864
1206

1523

0128
0531
0899
1239
1553

0170
0569
0934
1271
1584

0212
0607
0969
1303
1614

0253
0645
1004
1335
1644

0294
0682
1038
1367
1673

0334
0719
1072
1399
1703

0374
9755
1106
1430
1732

438
4.8
3.7
3.6
3.6

1761
2041
2304
2553
2788

1790
2068
2330
2577
2810

1818
2095
2355
2601
2833

1847
2122
2380
2625
2856

1875
2148
2405
2643
2878

1903
2175
2430
2672
2900

1931
2201
2455
2695
2023

1959
2227
2480
2718
2045

1987
2253
2504
2742
2967

2014
2279
2529
2765
2989

3.6
3.5
2.5
2.5
2.4

3010
3222
3424
3617
3802

3032
3243
3444
3636
3820

3054
3263
3464
3655
3838

3075
3284
3483
3674
3856

3096
3304
3502
3692
3874

3118
3324
3522
3711
3892

3139
3345
3541
3729
3909

3160
3365
3560
3747
3927

3181
3385
3579
3766
3945

3201
3404
3598
3784
3962

3979
4150
4314
4472
4624

3997
4166
4330
4487
4639

4014
4183
4346
4502
4654

4031
4200
4362
4518
4669

4048
4216
4378
4533
4683

4065
4232
4393
4548
4698

4082
4249
4409
4564
4713

4099
4265
4425
4579
4728

4116
4281
4440
4594
4742

4133
4298
4456
4609
4757

4771
4914
5051
5185
5315

4786
4928
5065
5198
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5899
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6345
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6042
6149
6253
6355
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6365
6464
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MENSURATION.

o

1

2

3

4

5

6

7

8

9

45
46
47
48
49

6532
6628
6721
6812
6902

(542
6637
6730
6821
6911

6951
6646
6739
6830
6920

6561
6656
6749
6839
6928

6571

6665
6758
6348
6937

6580
6675
6767
6857
6946

6590
6684
6776
6866
6955

6599
6693
6785
6875
6964

6609
6702
6794
6884
6972

6618
6712
6803
6893
6981

50
51
52
53
54
55
56
57
58
59

60
61
62
63
64

6990
7076
7160
7243
7324

6998
7084
7168
7251
7332

7007
7093
L7
7259
7340

7016
7101
7185
7267
7318

7024
7110
7193

7033
7118
7202
7284
7364

T0E2
7126
7210
7292
7872

7050
7135
7218
7300
7380

7059
7143
7226
7308
7388

7067
7152
7235
7316
7596

7404
7482
7559
7634
7709

7412
7490
7566
7642
7716

7119
7497
7574
7649
7723

7427
7505
7582
7657
7731

7443
7520
7597
7672
7745

7451
7528
7604
7679
7752

7459
753

7612
7686
7760

7466
7543
7619
7694
7767

474
7551
7627
7701
7774

7782
7853
7924
7993
8062

7789
7860
7931
8000
8069

7796
7868
7938
8007
8075

7803

7875 7
7945

8014
8082

7818
7889
7959
8028
8096

7825
7896
7966
8035
8102

7832
7903
7973
8041
8109

7839
7910
7980
8048
8116

7846
7917
7987
8055
8122

65
66
67
68
69

8129
8195
8261
8325
8388

8136
8202
8267
8331
8395

8142
8209
8274
8338
8401

8149
8215
8280
8344
8407

8162
8228
8293
8357
8420

8169
8235
8299
8363
8426

8176
8241
8306
8370
8432

8182
8248
8312
8376
84:39

8189

8254

8319
8382
8445

70
71
72
73
74

75
76
77
78
79

8451
8513
8573
3633
8692

8457
8519
8579
8639
8698

8463
8525
8585
8645
8704

8470
8531
8591
8651
8710

8657
8716

8482
8543
8603
8663
8722

8488
8549
8609
8669
8727

8494
8555
8615
8675
8733

8500
8561
8621
8681
8739

8506
8567
8627
8686
8745

8751
8808
8865
8921
8976

8756
8814
8871
8927
8982

8762
8820
8876
8932
8987

8768
8825
8882
8938
8993

8774
8831
8887
8943
8998

8779
8837
8893
8949
9004

8785
8842
8899
8954
9009

8791
8848
8904
8960
9015

8797
8854
8910
8965
9020

8802
8859
8915
8971
9025
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N 0o 1 2 3 4 5 6 7 8 9 |PP
80 | 9031 9036 9042 9047 9053 | 9058 9063 9069 9074 9079 | 0.5
81 | 9085 9090 9096 9101 9106 | 9112 9117 9122 9128 9133 | 0.5
82 | 9138 9143 9149 9154 9159 | 9165 9170 9175 9180 9186 | 0.5
83 | 9191 9196 9201 9206 9212 | 9217 9222 9227 9232 9238 | 0.5
84 | 9243 9248 9253 9258 9263 | 9269 9274 9279 9284 9289 | 0.5
85 | 9294 9299 9304 9309 9315 | 9320 9325 9330 9335 9340 | 0.5
86 | 9345 9350 9355 9360 9365 | 9370 9375 9380 9385 9390 | 0.5
87 | 9395 9400 9405 9410 9415 | 9420 9425 9430 9435 9440 | 0.5
88 | 9445 9450 9455 9460 9465 | 9469 9474 9479 9484 9489 | 0.5
89 | 9494 9499 9504 9509 9513 | 9518 9523 9528 9533 9538 | 0.5
90 | 9542 9547 9552 9557 9562 | 9566 9571 9576 9581 9586 | 0.5
91 | 9590 9595 9600 9605 9609 | 9614 9619 9624 9628 9633 | 0.5
92 | 9638 9643 9647 9652 9657 | 9661 9666 9671 9675 9680 | 0.5
93 | 9685 9689 9694 9699 9703 | 9708 9713 9717 9722 9727 1 0.5
94 | 9731 9736 9741 9745 9750 | 9754 9759 9763 9768 9773 | 0.5
95 | 9777 9782 9786 9791 9795 | 9800 9805 9809 9814 9818 | 0.5
96 | 9823 9827 9832 93836 9841 | 9845 9850 9854 9859 9863 | 0.5
97 | 9868 9872 9877 9881 9886 | 9890 9894 9899 9903 9908 | 0.4
98 | 9912 9917 9921 9926 9930 | 9934 9939 9943 9948 9952 | 0.4
99 | 9956 9961 9965 9969 9974 | 9978 9983 9987 9991 9996 | 0.4
N (o] 1 2 3 4 5 6 7 8 9

100 | 0000 0004 0009 0013 0017 | 0022 0026 0030 0035 0039
101 | 0043 0048 0052 0056 0060 | 0065 0069 0073 0077 0082
102 | 0086 0090 0095 0099 0103 | 0107 0111 0116 0120 0124
103 | 0128 0133 0137 0141 0145 | 0149 0154 0158 0162 0166
104 | 0170 0175 0179 0183 0187 | 0191 0195 0199 0204 0208

105 | 0212 0216 0220 0224 0228 | 0233 0237 0241 0245 0249
106 | 0253 0257 0261 0265 0269 | 0273 0278 0282 0286 0290
107 | 0294 0298 0302 0306 0310 | 0314 0318 0322 0326 0330
108 | 0334 0338 0342 0346 0350 | 0354 0358 0362 0366 0370
109 | 0374 0378 0382 0386 0390 | 0394 0398 0402 0406 0410




230 MENSURATION.
N o 1 2 3 4 5 6 7 8 9
110 0414 0418 0422 0426 0430 | 0434 0438 0441 0445 0449
111 0453 0457 0461 0465 0469 | 0473 0477 0481 0484 0488
112 0492 0496 0500 0504 0508 | 0512 0515 0519 0523 0527
113 0531 0535 0538 0542 0546 | 0550 0554 0558 0561 0565
114 0569 0573 0577 0580 0384 | 0388 0592 0596 0599 0603
115 0607 0611 0615 0618 0622 | 0626 0630 0633 0637 0641
116 0645 0648 0652 0656 0660 | 0663 0667 0671 0674 0678
117 0682 0686 0689 0693 0697 | 0700 0704 0708 0711 0715
118 0719 0722 0726 0730 0734 | 0737 0741 0745 0748 0752
119 0755 0759 0763 0766 0770 | 0774 0777 0781 0785 0788
120 | 0792 0795 0799 0803 0806 |-0810 0813 0817 0821 0824
121 0828 0831 0835 0839 0842 | 0846 0849 0853 0856 0860
122 0864 0867 0871 0874 0878 | 0881 0885 0888 0892 0896
123 0899 0903 0906 0910 0913 | 0917 0920 0924 0927 0931
124 | 0934 0938 0941 0945 0948 | 0952 0955 0959 0962 0966
125 | 0969 0973 0976 0980 0983 | 0936 0990 0993 0997 1000
126 1004 1007 1011 1014 1017 | 1021 1024 1028 1031 1035
127 1038 1041 1045 1048 1052 | 1055 1059 1062 1065 1069
128 1072 1075 1079 1082 108G | 1089 1092 1096 1099 1103
129 1106 1109 1113 1116 1119 | 1123 1126 1129 1133 1136
130 | 1139 1143 1146 1149 1153 | 1156 1159 1163 1166 1169
131 1173 1176 1179 1183 1186 | 1189 1193 1196 1199 1202
132 1206 1209 1212 1216 1219 | 1222 1225 1229 1232 1235
133 1239 1242 1245 1248 1252 | 1255 1258 1261 1265 1268
134 1271 1274 1278 1281 1284 | 1287 1290 1294 1297 1300
135 | 1303 1307 1310 1313 1316 | 1319 1323 1326 1329 1332
136 1335 1339 1342 1345 1348 | 1351 1355 1358 1361 1364
137 1367 1370 1374 1377 1380 | 1383 1386 1389 1392 1396
138 1399 1402 1405 1408 1411 | 1414 1418 1421 1424 1427
139 1430 1433 1436 1440 1443 | 1446 1449 1452 1455 1458
140 | 1461 1464 1467 1471 1474 | 1477 1480 1483 1486 1489
141 1492 1495 1498 1501 1504 | 1508 1511 1514 1517 1520
142 1523 1526 1529 1532 1535 | 1538 1541 1544 1547 1550
143 | 1553 1556 1559 1562 1565 | 1569 1572 1575 1578 1581
144 1584 1587 1590 1593 1596 | 1599 1602 1605 1608 1611
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N o 1 2 3 4 5 6 7 8 9
145 | 1614 1617 1620 1623 1626 | 1629 1632 1635 1638 1641
146 1644 1647 1649 1652 1655 | 1658 1661 1664 1667 1670
147 1673 1676 1679 1682 1685 | 1688 1691 1694 1697 1700
148 1703 1706 1708 1711 1714 | 1747 1720 1723 1726 1729
149 1732 1735 1738 1741 1744 | 1746 1749 1752 1755 1758
150 | 1761 1764 1767 1770 1772 | 1775 1778 1781 1784 1787
151 1790 1793 1796 1798 1801 | 1804 1807 1810 1813 1816
152 1818 1821 1824 1827 1830 | 1833 1836 1838 1841 1844
153 1847 1850 1853 1855 1858 | 1861 1864 1867 1870 1872
164 1875 1878 1881 1884 1886 | 1889 1892 1895 1898 1901
155 | 1903 1906 1909 1912 1915 | 1917 1920 1923 1926 1928
166 | 1931 1934 1937 1940 1942 | 1945 1948 1951 1953 1956
157 1959 1962 1965 1967 1970 | 1973 1976 1978 1981 1984
168 1987 1989 1992 1995 1998 | 2000 2003 2006 2009 2011
159 2014 2017 2019 2022 2025 | 2028 2030 2033 2036 2038
160 | 2041 2044 2047 2049 2052 | 2055 2057 2060 2063 2066
161 2068 2071 2074 2076 2079 | 2082 2084 2087 2090 2092
162 2095 2098 2101 2103 2106 | 2109 2111 2114 2117 2119
163 2122 2125 2127 2130 2133 | 2135 2138 2140 2143 2146
164 2148 2151 2154 2156 2159 | 2162 2164 2167 2170 2172
165 | 2175 2177 2180 2183 2185 | 21838 2191 2193 2196 2198
166 2201 2204 2206 2209 2212 | 2214 2217 2219 2222 2225
167 22217 2230 2232 2235 2238 | 2240 2243 2245 2248 2251
168 2253 2256 2258 2261 2263 | 2266 2269 2271 2274 2276
169 2979 2281 2284 2287 2289 | 2292 2294 2297 2299 2302
170 | 2304 2307 2310 2312 2315 | 2317 2320 2322 2325 2327
171 2330 2333 2335 2338 2340 | 2343 2345 2348 2350 2353
172 2355 2358 2360 2363 2365 | 2368 2370 2373 2375 2378
173 2380 2383 2385 2388 2390 | 2393 2395 2398 2400 2403
174 2405 2408 2410 2413 2415 | 2418 2420 2423 2425 2428
175 | 2430 2433 2435 2438 2440 | 2443 2445 2448 2450 2453
176 2455 2458 2460 2463 2465 | 2467 2470 2472 2475 2477
177 2180 2482 2485 2487 2490 | 2492 2494 2497 2499 2502
178 2504 2507 2509 2512 2514 | 2516 2519 2521 2524 2526
179 2529 2531 2533 2536 2538 | 2541 2543 2545 2548 2550




232 MENSURATION.

N o 1 -2 3 4 5 6 7 8 9

180 2553 2555 2558 2560 2562 | 2565 2567 2570 2572 257
181 2577 2579 2582 2584 2586 | 2589 2591 2594 2596 2598
182 2601 2603 2605 2608 2610 | 2613 2615 2617 2620 2622
183 2625 2627 2629 2632 2634 | 2636 2639 2641 2643 2646
184 2648 2651 2653 2655 2658 | 2660 2662 2665 2667 2669
185 | 2672 2674 2676 2679 2681 | 2683 2686 2688 2690 2693
186 2695 2697 2700 2702 2704 | 2707 2709 2711 2714 2716
187 2718 2721 2723 2725 2728 | 2730 2732 2735 2737 2739
188 2742 2744 2746 2749 2751 | 2753 2755 2758 2760 2762
189 2765 2767 2769 2772 2774 | 2776 2778 2781 2783 2785
190 | 2788 2790 2792 2794 2797 | 2799 2801 2804 2806 2808
191 2810 2813 2815 2817 2819 | 2822 2824 2826 2828 2831
192 2833 2835 2838 2840 2842 | 2844 2847 2849 2851 2853
193 2856 23858 2860 2362 2865 | 2867 2869 2871 2874 2876
194 2878 2880 2882 2885 2887 | 2889 2891 2894 2896 2898
195 | 2900 2903 2905 2907 2909 | 2911 2914 2916 2918 2920
196 2923 2925 2927 2929 2931 | 2934 2936 2938 2940 2942
197 2945 2947 2949 2951 2953 | 2956 2958 2960 2962 2964
198 2967 2969 2971 2973 2975 | 2978 2980 2982 2984 2986
199 2989 2991 2993 2995 2997 | 2999 3002 3004 3006 3008
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Wentworth’s Elements of Plane and Solid Ge-

OMETRY. By GrorRGE A. WENTWORTH, Phillips Academy, Exeter,
12zmo, Half morocco. 400 pages. Mailing price, $1.45; Introduc-
tion, $1.00; Exchange, 6o cts. )

Wentworth’s Elements of Plane Geometry.

12mo. 250 pages. Mailing Price, 85 cts.; Introduction, 75 cts.;
Exchange, 40 cts.

This work is based upon the assumption that Geometry is a
branch of practical logic, the object of which is to detect, and state
clearly and precisely, the successive steps from premise to conclu-
sion.

In each proposition, a concise statement of what is given is
printed in one kind of type, of what is required in another, and the
demonstration in still another. The reason for each step is indi-
cated in small type, between that step and the one following, thus
preventing the necessity of interrupting the process of demonstra-
tion by referring to a previous proposition. The number of the
section, however, on which the reason depends, is placed at the
side of the page; and the pupil should be prepared, when called
upon, to give the proof .of each reason.

A limited use has been made of symbols, wherein symbols stand
for words, and not for operations.

Great pains have been taken to make the page attractive. The
figures are large and elegant, and the propositions have been so
arranged that in no case is it necessary to turn the page in reading
a demonstration.

A large experience in the class-room convinces the author that,
if the teacher will rigidly insist upon the logical form adopted in
this work, the pupil will avoid the discouraging difficulties which



MATHEMATICS. 125

usually beset the beginner in geometry; that he will rapidly develop
his reasoning faculty, acquire facility in simple and accurate expres-
sion, and lay a foundation of geometrical knowledge which will be
the more solid and enduring from the fact that it will not rest upon
an effort of the memory simply.

Strong evidence of the merit of this book is found in the fact
that since the beginning of the school year, 1877-78, it has been intro-
duced into Thirty-six Colleges and nearly Four Hundred Preparatory

Schools.

Teachers should not fail to examine this book before forming

new classes.

TESTIMONIALS.

Joseph Ficklin, Prof. of Matk.,
Univ. of Missouri - 1 have examined,
with considerable care, Wentworth's
. Geometry, and the result is a decidedly
favorable opinion of the book. Profes-
sor Wentworth is evidently a practical
teacher. He has shown in the execu-
tion of his work that he knows just
where beginners in Geometry encoun-
ter difficulties, and, in my judgment,
he has been eminently successful in his
attempt to make those difficulties dis-
appear.

Samuel Hart, Prof. of Math.,
Trinity College : There are some
things in Wentworth’s Geometry which
makes it specially well adapted for
use in Schools and Academies.
The clear method in which each
proposition is presented as a whole;
the manner of reproducing the state-
ments of former theorems to which
reference is made, so that the student
is almost forced to recall them; the
careful-and precise use of the method
of limits — these are among the things
which will tend to make the work es-
pecially serviceable. And I am satis-
fied that it has a sufficiently extensive
view of Geometry for most students,

treated in a way which will help both
the teacher and the taught.
(Now. 22, 1879.)

Selden J. Coffin, Frof. of Math.,
Lafayette Coll., Pa.: We are pleased
with the simplicity and clearness of the
demonstrations in Wentworth's Geom-
etry, and have adopted it as our text-
book in that subject.

E. Otis Kendall, Prof. of Math.,
Univ. of Pennsylvania: 1 have no hes-
itation in saying that it is the best book
for beginners that I have ever seen.
The demonstrations are rigorous, the
language clear, and [ have not discov-
ered any defect in the reasoning.

W. C. Esty, Prof of Math., Am-
lerst Coll. : 1t is a step in advance of
the text-books of its kind. It must
make the course in Geometry easier for
both teacher and pupil.

John R. French, Prof. of Math.,
Syracuse Univ.: The distinctness of
its statements, and the clearness and
cdmpactness of its demonstrations, wre
admirable, We purpose to test it in
recitation-room with our next class.
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Wheeler’s Elements of Plane and Spherical

Trigonometry. By H. N. WHEELER, A.M., of Harvard University.
12mo. Cloth. 211 pages.. Mailing Price, $1.10; Introduction, 94
cents. Exchange, 50 cents.

Peirce’s Mathematical Tables, First Series, are bound with
this edition of the Trigonometry. These Tables are so arranged,
and so fully explained, as to be readily intelligible to the beginner
in the use of logarithms. Two pages, containing the functions of
angles less than 6° and greater than 84°, given Zo every minute, have
been added, since the publication of the first edition.

PLANE TRIGONOMETRY. The author believes that a
student can get a comprehensive and thorough knowledge of Trigo-
nometry most quickly and easily, if, at the outset, such definitions
are given to the trigonometric functions as will apply to all angles ;
with this idea for a basis, he has endeavored to prepare an elemen-
tary text-book for general use. By beginning with an explanation
of the use of the negative sign as applied to lines and angles, and
then giving general definitions to the trigonometric functions, he
has been able to demonstrate all the fundamental formulas in a per-
fectly general yet simple manner.

While he has tried to present the subject from an elementary
point of view, he has not lost sight of the fact, that, to most stu-
dents, Trigonometry is merely a stepping-stone to something higher ;
and for this reason he has also tried to present the results in such a
light as will make them effective tools for the student in his future
work.

SPHERICAL TRIGONOMETRY. The author has endeav-
ored to prepare a book for the use of schools and colleges which,
while brief and simple, shall yet be thorough, and suggestive both
of the theoretical and practical bearings of the subject.

Such applications to Geometry and Astronomy, and such prob-
lems involving these applications, have been given, as will interest
the student, and show him that Spherical Trigonometry is not a
mere mass of meaningless formulas, but an easy means of solving
many practical problems of great importance.
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ness enough to enable those who have forgotten most of their
algebra and geometry to follow the reasoning.
Chapter XV. contains a short history of Astronomy.

New York Tribune: It is one
of the clearest, most comprehensive,
and most informing expositions of the
principles and facts of Astronomy that
are to be found in the language. The
student who has made himself master
of its contents, will be in possession of
an amount of knowledge for the attain-
ment of which he might cheerfully pay
a high price, and for which he would
-have been envied by the late most
graceful American historian, who could
never clearly comprehend the differ-
ence between the ecliptic and the equa-
tor. Compared with the popular sci-
entific treatises which swarm to such an
extent in England, the present bears

the palm, both for exactness of method,
solidity of information, and appropri-
ateness of expression.

New York Nation: It is full
without being heavy, precise without
being pedantic, and explanatory with-
out being diffuse. It nowhere disap-
points, and least of all by any enthusi-
astic ascribing of pre-eminence to its
own subject-matter, As regards the
body of the work we have not detected
an error of statement in any part of it;
which is a good deal to say, or would
be of any author but an astronomer. . .
The most readable treatise upon As-
tronomy that we have ever seen.

Questions and Exercises on Stewart’'s Elemen-

tary Physics, with Answers and occasional Solutions.

By GEORGE

A. HiLr, formerly Assistant Professor of Physics in Harvard University.
18mo. Boards. 192 pages. Mailing Price, 40 cts.; Introduction, 35 cts.

These Questions and Exercises have been drawn up with the aim
of making Mr. Stewart’s excellent work more useful in elementary

teaching.

Part I. consists of questions upon the text of Mr. Stewart’s book

which are intended to be direct and exhaustive.

These will be

found useful for review and examination purposes. ‘
Parts II. and III., which form the principal part of the work, have

been written with two objects in view: First, to stimulate original
thought on the part of the student, and to give the teacher the
means of testing thoroughly the student’s knowledge of principles;
Secondly, to make certain needful additions to the felicitous but
cursory sketch of Mechanics, Hydrostatics, and Pneumatics, con-
tained in the first two chapters of Mr. Stewart’s book.



